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AJITEBPA 1 HAYAJIA AHAJIN3A
OYHKIIUH®)

Uncnoson hyHKLUNEeNR HA3LIBATCA COOTBETCTBME, KOTOpOe
K2XKAOMY YMCTY X 13 HEKOTOPOro 3a8aHHOrO MHOXeCTBa Co-
NocTaBnAET eAUHCTBEHHOe YUCno Y.

O6osHauerue: Yy = f(x), rae X — HesasucHMan NMepeMeH-
Has (apryMmeHT GyHKIIUN), [/ — 3aBHCHMASA NepeMeHHAS
(byurnus).

MHOXeCTBO 3Ha4YeHUN X Ha3biBaeTcA obnacTnio onpeaene-

HuA dyHKumMm (0BbiuHO 0603HavaeTcs D).
MHOXeCTBO 3HayeHui Iy HasbiBaeTcA 06NacTbLI0 3HaYeHUH
tyHkuumn (06MHO 0603HavaeTes E).

yA
Fpacdmkom pyHKUWUK Ha3bl- f(2;) prove -
BAGTCA MHOXECTBO TOYeK X, >
NNOCKOCTH C KOOPAUHATAMM { X, X
(x, f(2)). P

CHOCOBH 3AJJAHHA ©YHKIHH
e Ananumuvecxull cnocob: GyHKIIUA 38A8€TCS C IIOMOMIIBIO
MaTeMaTH4YecKo# GopMyIbl.

Mpumepsi: Yy = x%, y =1n x
o Tabruxnwuiil cnocob: GyHKIUA 3808€TCA ¢ TOMOIIBIO TAGIAIEI.

Mpumep. x 1 2 3 4 5

y 2 4 6 8 10

o Onucamenvuwviii cnocob: GyHEKIINA 3a88eTCH CJIOBECHEIM
ONHUCAHHUEM.

1 ana VOHAJBLHEIX X,
Mpumep: Qyrxaws [lupuxae f (x) = { 0 i:_ng f::;aunonumux x

e TI'paguveckuil cnocob: pyHKOUA 3a18€TCH C MOMOMIBIO
rpaduxa,

*JBee napaMerprl hyHKIu, B TOM Uncie K0a(hDUIMEHTL MEOTOYICHOB,
cuurawTca AeficTBUTENLHEIMH.
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OCHOBHbIE CBOUCTBA ®YHKLUN
YETHOCTD I HEYETHOCTbD

®yHKUUA HA3bIBAOTCH
YEeTHON, ecnu:

o obnactb onpegeneHus
PyHKUUN CUMMETPUIHA
OTHOCUTENbHO HYnA,

e ana moboro x na ob-
nacTu onpeaensHus

f(=x) = f(x).

N/

NV

I'padux veTHOH PyHKIMA
CHMMETPHUYEH OTHOCUTENHLHO
OCH V.

®YHKUNA Ha3bLIBaAGTCA
HEYeTHOM, ECNK;

o obnacTb onpeaeneHun
PyHKUUN CUMMETPUYHA
OTHOCUTENHHO HyNA,

e ansa moboro X ua obnac-
TU onpeaeneHus

f(=x) = —f ().
ys

I'padhur HeueTHOM PyHKUINM
CHMMETPHYEH OTHOCHTEJIBLHO
HAvaJa KOOPAMRAT.

MHorwe PYHKUWUU He ABAAIOTCA HN YETHLIMU, HU HEMETHLIMMU,

Mpumep epachuxa Pynxiuy, He aennoleiicn HU yemoil, HU HedemNOil:

A

y

_—

N
N =z

Mpumepsi yemueix Pyrxyud: y = x2*, n € Z; y=cos x

Mpumepis newemuwix Pynxyuii: iy = x2011 n e Z; y=sinx

flpumepbt hyHKUUD, He RENAIOULUXCA HU HYEMHbLIMYU, HU HeYeMNbLIMY:
y=e,y=lnx,y=x-2,y=(x+ 1)y
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MIEPHOAHYHOCTD

dyukuma f(x) Hasbisaetcs neproguueckoir ¢ nepuopom T' > 0,
ecnm ans nieboro X w3 obnactv onpeaenexus sanavenma X + T v x
— T Takke npuHagnexar o6nacTu onpeaenexus u

[(x)=f(x+T)=f(x-T).

Mpu aTom moBoe yucno supa T'n, rae n € N, Take Aens-
eTcA NepuoaomM 3TON PyHKLUK.

A

Al
/\/ 0

7
T

I'padnr nepuoavueckoit GyHKOUM COCTONT M3 HEOrDAHHIEHHO
IIOBTOPAIOIINXCA OAUHAKOBBIX (pparMeHTOB. UTOOBI ITOCTPOUTDH
rpadux nepmoandecKorl GyHrIUHN, cTpoAT PpparmenT rpadpura
Ha JIo0oM orpeske aymuoit T (manpumep, [0; T]), a sarem mpo-
H3BOJAT MOCJENOBATeNbHEIE IIapA/LIebHEE IIePeHOCH PparMeHTa
rpabuxa ma T, 2T, ST u r.n. BOosL ocH x (BIpaBO ¥ BJIEBO).

HYJY OYHKIIHHA

Hynem cyHxumm ¢ = f(x) HasbiBaeTcn Takoe sHayeHne apry-
MeHTa X, NPY KOTOPOM byHKLIMA obpailaeTcA B HyNb:
f (x0) = 0.

B mnyne ¢yarmun ee rpadux nMeer 00myio TOUKY ¢ OCBIO X.

A

= y\/\/
-y

X1, X2, Xg — Hyxu ¢ynxoun y = f(x)
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MOHOTOHHOCTD (BO3BPACTAHHE, YBBIBAHHE)

Oynkuua Yy = f (x) Hasbl-
BaeTCA BO3pacTaiowen Ha uH-
Tepsane (a; b), ecnu ana nio-
Obix X1 W X9 U3 3TOrO MHTEpBa-

na Takux, 4to X1 < Xa, cnpa-
BEeANUBO HEPaBEeHCTBO

[ (x1) <7 (x9).

Oyuxuna Yy = f (x) Hasbi-
BaeTcA y6uiBalowwei Ha WHTep-
sane (a; b), ecnn ana no6bix
X1 N X9 U3 3TOMO MHTepBana

Takux, 410 X1 < X9, cnpasep-
NWBO HEPaBEHCTBO

f (x1) > [ (x2).
ty
f(x,)
fxs !
X, x, x>

IKCTPEMYMbBI (MAKCHMYMbl H MUHHMY Mbl)

BHYTPEHHASA TONKA Xy
obnacTtu onpeaeneHua Halbi-
BAeTCH TOYKOW MaKCUMYMa,
ecnu AN Bcex X n3 HeKoTo-

POl OKPeCTHOCTH 3TOW TOYKU
cnpaBeAnNnBO HEPaBEHCTBO:

F(x) <f(Xmax)

3Havenne Ymaxr = [ (Xmax)
Ha3bIBAETCA MaKCUMYMOM 3TO

hyHKLMN.

BHYTPEHHAA TONKa Xy ip
obnactu onpeneneHus Hasbl-
BAeTCA TOYKOW MUHUMYMaA,
ecnu ANA BCexX X U3 HeKOTO-
PO OKPECTHOCTU 3TON TOMKW
CNpaBeanueo HePaBeHCTBO:

[ (x) > f (Xmin)-

3HaveHue Ymin = [ (Xmin)
Ha3bIBABTCSH MUHWMYMOM 3TOiA

yHKUMI.

Xmin — TOUKA MAHRNMYMA

Ymin — MAHHEMYM
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ACHMIITOTBI

Ecau rpadux dymrnuu y = f(x) uMeeT 6eCKOHEUHYI0 BETBb
(BeTBn), y rpadpura Moryr ORITP ACUMITOTHI.

AcumnToTol rpacduka HasLIBaeTCA NPsAMan, K KOTOPON Heorpa-
HUHEHHO NprBAWKaeTCA TouKa rpachuka NPU YRaneHWn aTon Tou-
Kn no HeckoHe4HOW BETBU.

A

iyt y y? ,

1 ,&'

: ------ g ------ 'ﬁ )(‘ P L g ‘\*

: /'_..' & ‘E" / ¥

; > > Y-

a' & X '\ b 4 I’
RS < /
| & 4
Bepruxkanpeana acuM- TI'opusorTanpHasn Haxnorsan

nToTA aCHMIITOTA aCUMIITOTA
x=a y=>b y=hkx+b>

Mpamas X = @ ABNASTCA BEPTUKANLHOW aCUMNTOTON, ecnn
XOTA Gbl OAUH U3 Npeaenos xl_iﬂo f(x) (npepen cnpaea) nnwn

li.m0 f(x) (npepen cnesa) paseH 6eCKOHEUHOCTHW.
r—>a-

Mpamas ¥ = b AenseTcA ropu3oHTaNLHON aCUMNTOTOM,
€CNU CYLLeCTBYIOT KOHe4HbIe NpeaensI

lim f(x) =b wm lirpm f(x)=0

X ¥ 400

Npsamas y = kx + b AaenseTcA HaAKNOHHOW ACUMNTOTOM,
©CNK CYLIECTBYIOT KOHE4HbIe Nnpeaens!

k =lim %. b = lim(f(x) — kx)

6o npu x — o0, NGO npn X — —oo,
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OBPATHBIE ®YHKITHH

IloaaTne oOpaTHOil QYHKIME ODPHMEHHMO K QYHKOUAM,
o0IaaloIUM CIEAYIOMMM CBOMCTBOM: Kaicdomy 3HAYEHMIO Y U3 00-
JIACTH 3HAYERMH QYHKIUNA COOTBETCTBYET eJUHCMEeHHoe 3HAYUCHNE X
n3 o0nacTi onpeaesieHNs 3Tol QyEKIH.

3amevanue. Ina maornx Gyaximi 370 CBORCTBO BLIIOIHASTCA JMIND HA
gacTu OGIACTH ompejeNneHns, B YaCTHOCTH, Ha JI000M IIPOMEMYTKEe MOHO-

TOHHOCTH (A1 GYHKINM ¥ = X2 TAKHEM IPOMEIKYTKOM ABAACTCHA, BAIPH-
mep, sy [0; ), prs pynxoun y = gin x — orpesox [-n/2; n/2]).

OyHKUMA & Ha3biBaeTCs o6paTtHon Ans dyHKUMK [, eCnu Kaxxao-
My I 13 obnactv anaueHnit pyrkumm [ dyHkuma g CrasuT B CooT-
BOTCTBME Takoe X u3 obnacti onpeneneHun cyHkLum f, uto

y = f(x). Taum obpasom, ecrm ¥ = f(x), To x = g(y).

OyHKuvmn [ n g [BnSAI0TCA B3auMHO 06paTHbLIMMK.

e Ob6nactn onpesenenus pyurnuuy [ aeagerca o06JaCTLIO 3HA-
vennit pyHKIUHU g, a obnacTs 3pavennit Gysknuu [ apuaer-
ca obJacThiO oNpeesieHna QYHKINH g,

o TI'padurm BzamMHO 00paTHEIX PyHKIHN CUMMETPHUUYHEL APYT
APYTy OTHOCHTEJLHO NpAMOil y = x (nmocTpoenne rpagpursa
obparaoit pyHKIUM cM. HA cTP. 23).

fpumepsi e3aumMHo o6pamubIX yHKYUi:
y=Xny= ¥x, y=2"ny=logx

HAXOMXIEHHE HOPMY LI INA $YHKIHA, OBPATHOH NAHHOH

¢ Tonbaysce Gopmynon ¥ = f(x), cneayer BoipasuTb X Yepes v,
a B MOJIydIeHHOH cdopmyne x = g(y) 3ameHuTb X Ha Y, a Y Ha
X.

Npumep. Haiitn dopmyny Ana QyHKUMKM, OGPATHOR
PyHKLUMM

1
=wx+1,
¥=3

Bripaxxenue x uepes y: x = 2y — 2,
3ameHa X Ha Yy, ¥ Ba x jgaeT: y = 2x — 2.
PeayapTaT: PpyHRIUA I=2Xx— 2 ABIAGTCA

obpaTHO#l ANA QYHKIHM Y = %x +1.
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NPEOBPA30BAHUA MFPA®UKOB dYHKLIUNA
INIPEOBPA3OBAHHE CHMMETPHHA

OTHOCHTEJBHO OCH X
f(x) = —f(x)
yA
; Mpacmk dyriumm y = —f(x)
N r\\*\ nonyyaercs npeobpasoBaHnem
i CUMMETPUM rpachuka dyHKUUK

> Y = f(x) otHocuTenbHo ock X.

b A
s 3amevanue. Toudxku nepecedeHus

/\/& rpadHKa ¢ OCHIO X OCTAIOTCH
4 HeH3MeHHBMH.
Mpumepbi
y N 2 A ]
"t :"y = x? B Y ‘Y= 2"
] [ I
‘\ l' "
1 F ] 'f
“\ J" .-];-'
> —iEs —>
X
* 1
y = o xz y 3 —2x

y=-sin x
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HPEOBPA3OBAHNE CHMMETPHH
OTHOCHTEJIBHO OCH Y

f(x) = f(—x)

yA

':" Mpacdmk pyHkummn y = f(—x)
R nonyJaeTcs npeoGpasoBaHmuem
S = f(x) cuMMeTPUK rpadmka cyHKUUM

/ y = f(x) oTHoCUTENLHO OCK Y.

3 J3amevarue, Touxa nepecedeHnn
J x rpaduKa ¢ OChI0 ¥ OCTAETCH He-
¢ HaMeHHO’,

y4
- MZ(-x) y=- logax -
‘ ,0".
I »
r Yy = 2.: 7
J N /1 %
]
H
% i
4
4
y =v-x y=+x
y=at= (-2
X 3

3amevanue 1. Tpadux verHol dynxnun (cM. crp. 11) He HaMernACTCH
IIpH OTPAMKEHUH OTHOCHTEJNBHO OCH I, IOCKOJIBKY AJNA YeTHON

dbyaxnun f(-x) = f(x). Mpumep: (—x)* = x2,

3ameuvanue 2. T'padux Bevernolt pynxumn (cM. cTp. 11) naMensercs
OZIMHAKOBO KAK NpH OTPAYKEHHH OTHOCHTEJIBHO OCH X, TAK M IpH
OTPAYKEHHH OTHOCHTEJLHO OCH I, IOCKOIBKY AJIR HeYeTHOX
byarnun f(-x) = —f(x). Mpumep: sin(—x) = —sinx.
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ITAPAJIJIEJBbHBIN IEPEHOC BAOJD OCH X

f(x) = f(x — a)

v A @ 'l /8\
p 'c' \i" Mpaduk dyrummn y = f(x — a)
2 I / nonyJaertcs napannensHeiM ne-
2 lal 3 PeHoCOM rpadvka dyHKLuM
A y = f(x) sponb ocu x Ha |a|
! % Bnpaso npua > 0 u Bneso npu
':' a<90.
[
[
!

3axmevarnue. Tpadpux nepuogmueckoit dynxnmu {cM. erp. 12) ¢ nmepuo-

gom T He H3MEHSETCA IIPH HapalleNkbHBEIX HepeHocax BAOJE OCH X
Ha nT, n € Z.
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MMAPAJJIEJIBHBIN IEPEHOC BAOJB OCH Y
f(x)=>f(x)+ b

Mpacuk pynkumm iy = f(x) + b
Nony4aeTcA naparnsiensHLIM Ne-
peHOCOM rpaduka QyHKUMU

y = f(x) epons ocv y Ha |b|
eBepx npu b > 0 v BHM3 npu
b <0.




CKATHE U PACTAKEHHE BIOJIb OCH X
f(x) = f(ax), rme 0. > 0

a>1

Mpachuk pyrkumm ¥ = f(o.x)
;Y NONYyYaeTCA CKaTeM rpadm-

i ka cyHKuMM i = f(x) eponb
2 OCH X B 0L paa.
O<a<l1

Mpacduk dyHkummn y = f(ox)
NoNy4aeTcs PacTaMeHneM

rpaduka cyHkummn i = f(x)
BAONb ocu x B 1/ pas.

Jamerarue. Touxu nepecedenns rpaduxa ¢ OCHIO J OCTAIOTCH
HeHM3MeHHLIMH,
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CHKATHE H PACTAKEHRHE BOOJIb OCH Yy
f(x) > kf(x), rne k > 0

E>1
~ Mpacduk pyHkumm y = kf(x)
,ﬂé‘ NONYYEETCA PaCTAKEHUEM
¢’
3, rpacouka oyHkumn i = f(x)
x BAO/L OCU I/ 8 K pa3.
O0<k<xl
yA
DD Mpadux dyHkumn iy = kf(x)
AT f’; ;& nonyvaeTcA CKaTMeM rpacu-
/’ A ka pyriumm ¥ = f(x) sporb
4 w4 ocuy B 1/k paa.
3ameuanue. Touxn nepecedeHnd rpaduKa ¢ 0CbI0 X OCTAIOTCH
HEeHA3MEeHHEBEIMH.
Mpumepsi:
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IIOCTPOEHHME TPA®HKA OYHKITHHU y = |f(x)|

Yactu rpacpmka yHkumu ¥ = f(X), nex@lume Bbile ocu X U Ha
OCH X, OCTalOTCA 6683 IMBHBHUA, a NEXALLIUE HWKE OCh X — CUM-
MEeTPU4HO OTPaXalOTCA OTHOCUTENLHO 3TOl OCU (BBEpPX).

3amevanue. ®yaxmua y = | f(x)| neorpunarensna (ee rpadui pac-
NOJIOXKEH B BepxXHell NOJXYILIOCKOCTH).

NMpumepsi:

IIOCTPOEHHE I'PAQ®HKA OYHKIUHA y = f (|x})

Yactk rpacuka pyHkummn y = f(x), nexawan nesee ocu y, yaans-
€TCH, @ 4acTh, fieXallan npasee ocu Iy — ocraerca 6e3 usmeHeHus u,
KPOME TOr0, CUMMETPUYHO OTPaKASTCA OTHOCUTENLHO OCY I/ (BNeBO).
Touxa rpacbuka, nexatLian Ha ocy I/, 0CTasTCA HEU3MBHHOWN.

3amevanue. ynxnna y = f(| x|) versaa (ee rpadmr cuMMeTpHUeH
OTHOCHTENBHO OCH ¥).

NMpumeps;
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IIOCTPOEHME I'PA®HMKA OBPATHOH ®YHKIINH

Mpacuk pyHkumu iy = g(x), obpar-
Hoit ans yHkumm ¥ = f(x), moxwHo
nonyuuts npeobpa3losaHnem cUMMeT-
pum rpacbuka cyHkummn i = f(x) otHo-
CUTeNbLHO NpPaAMoR I = X.

3amevarnue. OnucagHoe MOCTPOSHME
MOJXEO IPOM3BOARTE TOJBKO IS
dyEKOuR, UMeomelt 06paTHYIO (CM.
erp. 15).

Npumepbi epachuxce e3aumMno 0OpaMHLIX PyHKUUE,
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IIOCTPOEHHME I'PAGHKOB CJIOKHLIX OYHEIHAN
€ MOMOINbIO HOCHeN0BATeALHLIX nMpeolpasosannii rpaduKoB
aJIeMeRTApENX GyExrmni (Ha npuMepax)

y =lx2 - 6laf + 8] = |2 — 6lx| + 8] = (x| - 8)2 - 1]

y=x2-6x+8=

y=(x-32-1

y = I - 83)% - 1

=(x—-82-1
A A
y
8
X -3 3 x
y = [loga(lx — 1)
A
y = logalx]
>
-1 1 x
yA
y= logg(lx - ll) /
1 >
X
vt
y = lloga(lx — 1))l ]
>
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= |3sin2x| —
y = sin2x
%
1.-
-2n —x
VARVARV IV RV
-1
y = 3sin2x

NN

LV

= [8sin2x|

341...

Rvy

~2x  -x R

= [8sin2x| ~1




NUHENHARA ®OYHKLUA

y=Fkx + b, rpe &k, b — pevicTBuTensHble Yucna.

pachuk — npamMan.
Yrnosown xoahduumeHT
kE=tg a

b — opavHaTa ToukM nepe-
ceveHust rpaduka ¢ ocbio Y.

YACTHHE CIAYYAH JHHEHHOH ®YHKIIHH

Mpaman NponopLUOHanNbLHOCTE

Y =kx
yA
k
i
i
1 x’

MocToAHHan dyHKUKNA
y=»5

¥
b

B3AMMHOE PACIIOJIOKEHHE TPA®HKOB
JHHEHHBIX GYHKIIHH

Ecnu k; # kg, rpaderm Gyrrauii
y=Rkix+byuy==Fkox + by
epeceKanTed B OAHOM Touxe.

yt

AN

Ecau ky =k, by by, rpadwmn
bysKDuA y = Ryx + by n
Yy = kax + by aBnaOTCA Nnapan-
NEeJbHBIMY NPAMBIMHK,

vt

/¥
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CBOMCTBA JIMHEHHONH ®YHEKIMA Y = kx + b

o Ob6aacmv onpedenenus: R

e O6aacmp snavenuis;
npu k= 0 R
npu k=0 {b}
e Yemnocmo, Hewemurocmos:
eciu k=0, b2 0, To dyEKIMA He siBAsieTC HY YeTHOH,
HH HeueTHOH
ecaiu k # 0, b =0, To dyEKUNR BeueTHAN
ecau k=0, b # 0, To pyEKunA YeTHAR
ecm k=0, b =0, To QyHKINA TOXKIECTBEHHO PABHA HYJIIO,
TO €CTh ABJIAETCH OJHOBPEMEHHO YeTHOM ¥ HeueTHON
o Hyau:
ecim k=0, TO y=0nopu x =-b/k
ecnuk=0,b+0, T0 HyJNeit HeT
ecmm k=0,b=0, T0 y=0mpux eR
o Ilpomexcymxu 3naxonocmosHcmea:
y>0npu x € (-b/k; x)
Yy <0 nopu x € (—x; -b/k)

y>0nopu x e (—oo, —b/k)
{y < 0 npu x € (—b/k; =)

eciiu k> 0, T0 {

ecnu k < 0, To

ecmmk=0,b>0,70 y>0npuxeR
eecmuk=0,6<0,70 y<OmpuxeR
ecink=0,6=0,70 y=0nmpuxe R

o IIpomencymrxu MoHOmMOHHOCMIU:
ecnu k > 0, 7o dyEKnRa Bo3pacTaer npu X € R
ecmu kB < 0, To pyrkonua yOupaer npu x € R
ecau k = 0, To QyHKINSA TOCTOSIHEA IIPDK X € R

® JKcmpemymoe Her




IDOCTPOEHHE I'PA®HKA JHHEAHON ®YVHKIIHHA
II0 ABYM TOYKAM

UYacro yaobHo ewibupate X3 = 0, x5 = 1. Cootsertcrayio-
wwme Toqku npsamoi (O; ) u(1; b + k).

L S

Npumep.

y=38x+ 2

Eenn x1 =0, T0 y1 = 2;
ecam xg =1, TO Yy = 5.
Yepes Touxn (0; 2) u (1; 5)
NIPOBECTH IPAMYIO.

Ecnu k # 0, b # 0, moxHo BeibupaTs Toukv (03 b) un
(—b/k; 0) na ocax xoopauHar.

Ifpumep.

y=2x+2

Eexm x3 =0, ro yy = 25

ecau yg =0, 10 x93 = —1.
Yepea Toukn (0; 2) u (—1; 0)

(-1; 0) NPOBECTH NPAMYIO.

Ecnv koacdduuveHt nepea x ApobHuin, yaobHo BLIGUpaTs X1
U X9 TaK, YTOOLI I/ ¥ Yo GbiNu LUBNbIMAK.

Mpumep.
1
-33 Y] y=-gx+2

3+ 3
\ Eom x;=3,T0 1 = 1;
wl) ecy X3 = —3, TO yp = 8.
b Yepes Touxu (3; 1) u (-3; 3)

> IIPOBECTH MIPSMYIO.
x




IIOCTPOEHHE I'PAOHKA JUHENHOA OVHKIMH I = Rx + b
C IOMOMBIO 3JIEMEHTAPHEIX TPEOBPA30BAHHI

IPA®HEA OVHKIMH I/ = X

Imanvt npeobpaiosanus zpagura

l.y=x 2. y= kx . y=kx+>b
vt y yt
k
1} b
1 .1? i = / r 4
IIoctpouTs | ITpomMaBecTH pacTAKeHMe ITpowapecTH ma-
rpadux (opu |k| > 1) B coxaTie paLneasentl me-
¢yexoun | (upu K < 1) rpaduxa sroms | pexmoc rpadpmka
y==x. ocrt y (ecom k < O, mponase- | BAOAE ocu Y Ha |b
CTH, KPOMe TOTO, 36PKAJL- (zmepx mpn b > 0,
HOe OTpasKeHMe OTHOCHTe L | BEHMA3 npu b < 0).
"o Jnobolt u3 KoopARHAT-
HBIX Oceif).
Npumepii;
1. y=2x-1
00
vt Y y
1 ....i - I - /
1 7 i % -4
-1
y==x y=2x y=2x-1
2. y=—x/3+2
A
il v}




KBAOPATUYHAA ®YHKLUUA

y=ax?+bx+ec,raea =0.
MNpaduk — napabona.
CroitcTpa dyEKnuUN ¥ BUA ee rpadnKa ONpeReNaIOTCs, B OCHOB-
HOM, 3SHAYCHHUAMH KOXPOHIIMEHTA @ U JUCKPUMUKGHMA

D = b? - 4ac.
a>0,D>0 a>0,D=0 a>0,D<0
ye rY 1y
X, x’ X x’ x’
a<0,D>0 a<0,D=0 a<0,D<0
y4 yas yq
i
x x, x,
x> x> x>

PA3J/JIHYHBIE IPEACTABJEHHAA
KBAJIPATHYHOU ®YVHKIIHH

1. BBIAEJIEHHE IIOJTHOTO KBAJIPATA
2 _4ae
4a

2
y=ax2+bx+c=a(x+ )—b
2a

2. PASJIOKEHHE HA JIHHEHHBIE MHOXKHTEJH

npu D > 0 y=ax’+bx +c=a(x - x,Xx -x,)
npu D=0 y = ax® + bx + ¢ = a(x - x,)°

npu D< 0 PA3JIOKHTE HA MHOMHTENM HeJb3A
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CBOFICTBA KBAJIPATHYHON OYHKIHMK ¥ = axZ + bx + ¢

¢ O6aacmov onpedenenun: R

e O6racms 3naverull:
mpua>0  [-D/(4a); )
npua <0 (—o; —D/(4a)]

o Yemnocme, Hevemuocmy:
npa b=0 ¢yEKIEA yeTHAR

npu b ¥ 0 dysEKOUA He ABAKETCA HM YeTHOM, HH HedeTHOH

e Hyau:

~b-D
2a
npu D=0 oaur myns: x; = -b/(2a)

_-b+JD

upu D> 0 ABa HyAd: X; = oa

y Xa

upp D <0 =uyxeil mer

® Hpoxe:wymnu JHAKONOCMORHCMEa.

Yy > 0 npr x € (—oo; x,)U(x,y5 )
eca8>0,D>0,T0 |, < 0mpux e (x; xy)
ecma>0,D=0,70 y>0npux e (—o; x)0J(x1; o)
eciia>0,D<0, o y>0mpuxeR
Yy > 0nupn x € (x5 xy)
¥ <0 mpu x e (—o; x,)U(x,; )
eemma<0,D=0,7r0 y<0npux e (—w; x )N xp; ©)

eccina <0,D >0, 10 {

ecmua<0,D<0,7o y<OmpumxeR

o ITpoxexcymixu MOHOMORHOCMU:

dyrxoua sospacraer npu x € [-b/(2a); »)
upi @ > 0 | hynknus y6usaer npm x € (o —b/(2a)]

GYEKINA BospacTaer npy X € (—o; —-b/(2a)]
npra <0 dyrkous yortsaer npn x € [-b/(2a); «)

o JxcmpemymoL:
npu a >0 Xy =-5/(2a); Ymin = - D/(4a)
Npr @ <0 Xp4, =—0/(28); Ymex = — D/(4a)
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HANIPABJIEHME BETBEH, XAPAKTEPHBHIE TOUKH
H OCb CHMMETPHH IIAPABOJIHI,

aBamomeiica rpaduxom bysxmum ¥y =ax2 + bx + ¢

(.,1..,2)
2¢’ 4a

e Tourxu nepecevenusa (kacanun) zpagura ¢ ocvi0 x:

-b-+D -b+D
2a 2a
D=0: x;=-b/(2a) (Touxka Kacanmsa)

D>0: x, =

y Xg = (Touxn nIepeceveHNA)

D < 0: o0mux Touex y rpadmKa ¢ OChbI0 X HET

o Touxa nepecevernus zpaguxa ¢ ocvio y: (0; c),
CHUMMETPHYHAA €l TOYKA OTHOCKTENBLHO ocy mapabonsl (—b/a; ¢)

e Hanpaanenue aemaseii napaonsi:

opu g > 0 BeTBH HanpasieHsl BBEpX
npu a < () BeTBR HapaB/IeHK BHU3

s Koopdunambi sepuwiunbs napadonbl (-—b—; - —2)
2a 4a
¢ Ocv cummempuu napabonrs. — NPAMAA X = —%

Ana nocTpoenns rpacpuka keappaTUMHON PYHKLUA UCTIONbL3Y-
0T HEKOTOPbIE U3 YKa3aHHbIX XapaktepucTuk. Hanpumep, ecnu

ypasHenue ax2 + bx + ¢ = 0 umeer asa kopHs, yaobHo nc-
NOMb30BaTh KOOPAUHATE! BEPLINHLI Napabonb! u KOOpPAUHaTL!

AByX TOMEeK nepeceveHun napabonbt C OCbl0 X.



Npumepsi:

IIOCTPOEHHE I'PA®HKA KBAJIPATHYHOH ®YVHKIIMH
IO HATIPABJIEHHIO BETBEH, XAPAKTEPHLIM TOUKAM

H OCH CHMMETPHH ITAPABOJIBN

y=x2-4x+3

1. Bemsu u-&npmeuu ééepx, T.K. a=1> 0.
2. Koopounamot seputunvi (2; -1), T.XK.

y(2)=2"-4.2+8=-1.
3. Ocv cummempuu napabosnr

b
=—-—=2,
* 2a

4. Koopduramut movex nepeceverus ¢ ocvio x.
(x1; 0) = (1; 0) m (xg; 0) = (3; 0).

8. KoopOunamul. mouKu nepeceNerus ¢ ocbio y:
(0; ¢) = (0; 3);
CUMMEMPULHAR ell MOYKa OMHOCUMENLHO

ocu napabonvi. (—%; c) = (4; 3).

-9

1. Bemeu HanpaBneHBl 6HU3, T.K. ¢ = -1 < 0.
2. Koopdunamu eepuunst (—3; 0), T.K.

b -6
—— T e — T -3 ;
2a -2
y38) = (-8’ -6-(-3)-9=0,.
8. Ocy cummempuu napaboanr x = --2% =-3.
4. Koopdunamut mouku Kacanus ¢ ocoio x:
(%1 0) =(-8; 0).
8. Koopluramut mouxu nepecevenus ¢ ocvio y:
(0; ) =(0; -9);

CUMMEeMpULRan eil movKa OmHOCUMEeNAbHO
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TIOCTPOEHHE I'PA®HKA KBAJPATHYHOH ®YHKIIHH C TIOMONILIO
SJIEMEHTAPHHX NIPEOBPA30BAHHN FPAGHKA OYHKIIMHE Y = x2

C noMombIo BRIAGIEHNA MOJMHOrO KBagpara (cM. orp. 30) mobyio xBaa-
PATHUYHYIO PYHKIHMIO MOXKHO IPEACTABUTh B BHIE:

y = ax? +bx+c=a(x+

2
- = — + ’
2a) 4a a(x = m) "
2q’ da

JTO MO3BOJIAET NOCTPONTh rpadPuK KBaAPATHYHON PYHKOMA C NO-
MOIIBLIO WIEMEHTAPHLIX npeobpasopaunii rpadmxa QyEKIMM ¥ = X2,

3manwv nocmpoenus zpacgura dynxyuu y = a(x — m)2 + n:

1. Pacmsaxcenue rpaguxa y = X2 BIONL OCH Y
B |a| pas (upxm |a] < 1 — aro cxarme
B 1/la] pas).
Ecan a < 0, nponsBecTH, KpoMe TOro,
3epKaANbHOE OTpaXKeHHne rpapura OTHO-
CHTEJbHO OcH X (BeTBHM nmapaboanl 6yayr
HanpaBJieHEl BEHU3).

Pesyavmam: rpadpux dyuxoun y = ax2.

2. ITapanaeavnuiil nepenoc rpapuxa Gynx-
nuu y = ax2 BRoab ocu x Ha |m)
(snpaso npu m > 0
u BJaeBo npu m < 0).

Peaynomam:
rpadux pyuxmun y = a(x — m)2.

3. ITapaanenvruiit neperoc rpadpuxa Gpysk-
maK y = a(x — m)? BRons ocH y Ba |n|
(BBepx npu n > 0
M BHHM3 nipu n < 0).

Pesyavmam:
rpaduk yuxnuu y = a(x - m)® + n.
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Npumepsi:

y=2x*-12x+19=2(x-3)* +1

1. Pacrsmxenue
rpaguka
byHKIUH

y = x2 Bpons

ocu y B 2 pasa.

2. INapannemmHBIR

nepenoc rpapuxa
dvEKIUM

¥ = 2x® pgons ocu x

HA 3 BOpAaBO.

3. IlapanaeasBHii
nepeHoc rpajpuxa
dyHKOUHN
Y = 2(x - 3)2 Baoan
ocu y Ha 1 BBepx.

x? 1

y=——2-——2.?c—3=—§(;::+2)2 -1

— = x3/2
— 1 = —xz/z

1. CoxaTie rpadpura
bysrun

Y = x° REOMBL OCH Y

B 2 pasa u npeolGpa-

30BAHHE CHMMET-

PHUM OTHOCMTENIHHO
OCH X.

——-y = —x2/2
— = —(x+2)%/2

2. Ilapannensanii
nepeHoc rpadpuka
byEKIIH
y =—x2/2 BRonn
OCH X HA 2 BJAEBO.

---y = ~(x+2)*/2
— gy = —(x+2)2/2 - 1

3. ITapajutenbHRl nepe-

HOC rpa(puKa QPyHKIUH

¥y =—(x + 2)2/2 Bponsp
ocu y Ha 1 HMA.




CTEIIEHHBHIE ®YHEIUH
¢ HATYPANbHBIMY NOKA3ATEIAMHE CTENCHH
y=x"rmeneN

n HeYeTHOe

Y4 x7Yx®

CBOHCTBA OYHEITHH

Ob6aacmv onpedenenus: R
Ob6aacmo 3nauenuli:
OpHE n HeYeTHOM R
OpPH N Y€THOM [0; «0)
Yemnocmbs, HevemHocmy:
OpPH N HeUeTHOM (PYHKIOUA HEUeTHAA
OpH N YeTHOM ¢byBEKOUNA YyeTHAN
Hyau: y=0ompux=90
IIpomencymu 3naxonocmoswemsa:
y > 0 nopu x € (0; »)
Y <0 nopu x € (—x; 0)
€CJIN 11 YeTHOe, TO y > 0 npu x € (—o; 0) U (0; x)
ITpomexcymu mornomonnocmu.:
eCJIX N HeUeTHOE, TO (QYHKOMSA BospacTaeTnpu Xx € R

eCJIE N IeTHOE, TO ¢yarnua Bospacraer npm x € [0; «)
¢yEKONa yOnIBaeT npm x € (—w; 0]

€CJIA 71 HeYeTHOe, TO {

Axcmpemyroi.
€C/AM NI HEYEeTHOe, JKCTPEMYMOB HET
€CJIA n YeTHoe, Ymin =0 pR xp4p = 0
Ipapuxu pynxyuii npoxodam vepes mouxu:
npm n HeuetHoM (-1; -1), (0; 0), (1; 1)
OpHX NI 9€THOM -1; 1), (0; 0), (1; 1)

3amevanue. Iipu n = 0 hysrous y = x* onpenennerca Tak:

x9=1 npu x # 0; npu x = 0 HyHKNAA He onpeneseHa.
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CTEIIEHHBIE OYHKIMH

C IEeJABIMH OTPHIATCJIBHRIMH NMMOKA3ATEHSIMH CTEIICHH

y=x"rmmeneN
fpumepsi spachuxos
n HedYeTHOe n 9eTHOE

— CBOACTBA OVHEIHR

e O06aacme onpedenenua: (-3 0) U (0; )
e QO6aracmb 3navenuli:
npH n HEYETHOM (—o0; 0) U (0; )
IPY N YeTHOM (0; «)
s Hemnocmos, Hevemuocmuy:
npu n HeueTHOM (¢GyHKIUA HeyeTHAA

HIpH n YeTHOM byHERDNS veTHAS
s Hyuaxeii ner.

o ITpomexmymxu 3nAKONROCMORHCMEA:
ecau n Heuernoe, T0 ¥ > 0 mpu x € (0; )
y <0 opu x € (—x;0)
€CJIM N JeTHoe, TO y > 0 npu x € (—»; 0) U (0; »)
e IIpomeskcymru MOHOMOHHOCMU:
eC/lH n HeueTHOe, TO (QyHKuMA yOeIBaeT npu x € (—«; 0)
unapu x € (0; )

eCJIM n 4eTHOe, TO dyaxnua pospacraer npu x € (—oo; 0)

dysEroua ybrpaer npu x € (0; )
oKxempemymos Het
o TI'pagpuxu pynxyuit npoxodam uwepes movxu:
npu n Heweraom (-1; -1), (1;: 1)
IPH 1 9eTHOM -1:1),(1; 1)
o Acumnmomuw. x=0,y=0

i

3amevanue. Mpun =1 dynxnua y = x~" uMeer Bug y = 1/x u nasul-

BaercHa o6pamuoii nponopyUORGALHOCMYIO.




OYHKIHH

y= %, rnen € N
Mipumepii spagpurce

nn HECYCTHOC n 9YeTHoe

CBOHACTBA ®YHKIIHH

e OO6aacmy onpedenernun:
OpH n HeYeTHOM R
IIPH 1 9eTHOM {0; x)
o Obaacmbo 3navenuil:
PN n HeYeTHOM R
IpH N YeTHOM [0; )
e Yemnocmo, Hevemnocms:
IDH B HeYeTHOM (YHKIMA HedeTHAA

OpH 7 9eTHOM ¢dbyHxIuNA He ABIAETCA
HHU 4eTHO#, HM HedeTHOI!
o Hyau: y=0mpn x=0

o Ilpomencymxu 3naxonocmorncemea:
y>0napnx € (0; o)
Yy <0 npu x € (—x;0)
€CJIN N 4eTHoe, TO y > 0 npu x € (0; x)
o Ilpomexymxu monomonnocmu:
¢dyHKIONA BO3pacTaeT NPH BcexX X M3 o6jJacTH onpeaeneHHUs
o IJKcmpemymos HeT
o I'paguxu Qyrnxyuli npoxodam wepes movxu:
opu n BedetHoM (-1;-1), (0; 0), (1; 1)
OpH N 9eTHOM 0; 0), (1; 1)

€CJN n HeYdeTHOe, TO {
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CTEIIEHHBIE ®YHKIIAH
C ZeHCTBHTEABHBIMA NOKA3ATEAAMH CTENCHN

y=x%rreac R

CBOUCTBA OYHKITHN
o Obaacmd onpedenernus:
ecnu a > 0, [0; )
ecnu o < 0, (0; x)
o Obracmb 3snavenuii:
ecau o > 0, [0; o)
ecir a < 0, (0; x)

o Yemnocms, Hevemnocme:
GYHKINA HE ABASETCA HH YeTHOH, HM HeueTHON
o Hynu:
ecmao>0, y=0opux=0
ecom o < 0, Hyxnel Her
o Ilpomexymxu 3HGKONOCMOAHCMEA:
y > 0 nopu x € (0; w)
o Ilpomexcymiu MOHOMOHKOCMU,:
opu o > 0 ¢yErRuua Bospacraer nupu x € [0; )
npu a <0 oJyaxousa yOusaer npm x € (0; «)
o IJxcmpemymos Her
o Ipaguru Pynxyuit npoxodam uepes moyxu:
oproa >0 (0;0), (1; 1)
npuo <0 (1;1)

|o Acumnmomvi: ipu 0 <0 x=0ny=0




NOKASATEJBHAA ®YHKIIHNA
y=a*,rmea>0,a=%1%

CBOUCTBA GYHEIHH

o Obaacmb onpedenrenun: R
o Obracms 3navenull: (0; x)
e Yemnocmo, neuemnocmy:

dyEKIMA He ABAAETCA HU YeTHOM, HM HeueTHOR’
o Hynel ner

o IIpomexcymxu 3naxonocmosucmea: y > 0npu x € R
e ITpomexcymru MoxOmonrocmu.
mpu 0 <a <1 ¢yrxnua yorpaer npu x € R

npua > 1 ¢yaxura sospacraer npu x € R
s IJxcmpemymoa HeT

e I'pajux pyrxyuu npoxodum uepes mouxy (0; 1)
o Acumnmoma:y =10

" IIpn q = 1 pyuKIHUA y = g* aBAReTCa nocrosEHol: 1*=1 npu x e R.
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JIOTAPUOMHYECKAS OYHKITHS
y=logsx, nea>0,a+1

logax
- =y r i - -
9 4
hhﬁh-nn---awn -----
log, /5
log, ;%
CBOUCTBA ®YHKIIHH

Ob6aacmo onpedeaenusn: (0; «)
Ob6aacme 3navenuit: R
Qemmnocmo, HevemHuocmo:
byHKIKEA He ABAAECTCA HU YeTHON, HI HeueTHOR
Hyau:y=0npunx=1
ITpomesxxymxu sxHaxonocmosHcmaa:
ecrm0<a<l, o y>0nmpuxe(0;1), y<0opu x € (1; )
ecaia > 1, ro y>0mpux e(l; ), y<O0npux €(0; 1)
Ipomexxcymu MoHOMmoOKRHOCIMIU:
npp 0 <a<l1 dyuHKIKNA YORIBaeT npu x € (0; »)
npuag>1 byuruua Bo3pacTaeT npu x € (0; »)
JKempemymos HeT
I'pagpux pynryuu npoxodum vepes mouxy (1; 0)
Acumnmoma: x =0

3amevarnue. JlorapndpMudeckas u nMoKasarejoHaa GYHKIUHK ¢ OXHUEM

H TeM e OCHOBAHMEM ¢ ABJIAIOTCA B3aHMHO ofpaTHBIME GYHKIUAMHU
(cM. cTp. 15).




TPUrOHOMETPUYECKUE ®YHKLUK"
y=sinx

zpauic — cunycouda
CBONCTBA ®YHKIIMH

e Ob6aracmv onpedeaenusn: R

e O6aacmy 3uavenuii: [-1; 1]

o Yemmnocme, Hexemnocme: PyHKIMA HeyeTHAR

o Ilepuod: 2=n

e Hyau:sinx=0opn x=nan, neZ

o Ilpomewymru 3HaKoONOCMORHCMEA:
sinx>0 npu x €(2nn; n+2nn), neZ
sinx <0 opH x €(-n + 2an; 2nn), neZ

o IJxcmpemymos:

n
Xmin = —E+2nn, neZ; Ymn =-1

Xax =-;5+21m, neZ; Yp =1

bl Hpoxexymrcu MOHOMOKRKOCU.

$yYHKIMA BO3pacTaeT HNPH X € -% + 27n; % + 2nn], neZ

dyarnusa ybnsaer IpH X € g+ 2nn; %—‘- + 21tn], neZ

*) OcHOoBHEIE OPMYJILI TPHTOHOMETDHMM CM. Ha cTp. 184-187.
Jlanee B kauecTBe NepHofa QYHKIMA PACCMATPHBAETCHA ee HAH-
MEHBIIHNH IMOJOKHUTENABHEIN IIEPHOX.




2pagux — xocunycouda

CBOACTBA ®YHKIIHH

e OOaacmb onpederenus: R
¢ QO6aacmb 3navenuil: [-1; 1)

o Yemnocms, Hexemuocmdb: PyHKIUA deTHAS
o Ilepuod: 2x

e Hyau:y=0 opn x=%+1tn, neZ

e II pomexymiu 3anaxKonocmonncmaea.
4

cosx>0 OpH x € «~g~+2nn;-g~+2un), neZ
\
(

cos x <0 npH xe\%+2un;3—u+2un], neZ

® IJKcmpemyMol:
Xpy =T+2nn, neZ; y,,, =-1
Xpar =270, NEZ; Yoo =1
o [IIpomexymxu MOHOMOHROCIU:
¢byaknua sospacraer upu x €[-n+2xnn;2nn), neZ

dyEXINA yORIBaeT opu x €[2nn; n+2nan), neZ

—

3amevanue. Tpadpuxn pyuxnuil y = sin x 4 y = CO8 X MOJYIAIOTCA
ApPYr u3 Apyra ¢ ODOMOMIbIO HAPAJUIENLHAIX MEPEHOCOB BAOAL OCH X

. - E H = —E .
Ha n/2 : cosx—sin(x+2) sinx ooe[x 2)



N‘la

2pagux — mamnzencouda

CBOHCTBA OVHEIHHA

Obaacmb onpedenenun: o0beANHEEHNe NHTEPBAJIOB

(-—~£+nn‘£+nn) neZz
2 9 ’

O6aacmb 3navenuii: R

Hemnocmpy, nevemnocme: GyHKOHUA HeUETHAA
ITepuod: n

Hyau:y=0upn x=nn, neZ

ITpomexncymxu 3naxonocmosncmea:
([ x
tgx>0 upu x € nn;-2-+nn), neZz
\,
(

tgx<0 npn xe\—g+fm;nn). neZ

IKcmpemymos Her

Hpoxeaxymrcu MOMHOMOMHOCIIU.

byHEKIMA BO3pACTAET HA KAXAOM MHTEpBaJe
obaacTu onpenenenus

T
Acumnmomuw: x = 3 +nn,neZ




Ry

zpaghur — KomanzeHcouda

CBOACTBA ®YHKIIHH

o OO6aacmv onpedenenus: obbegMHeHHEe HHTEDPBAJIOB
(rn;nt+nn),neZ

e Ob6racmbv snavenuil: R

o Yemnocmbo, Heuemuocms QYHKOUA HedeTHAA
o Ilepuod: n

e Hyau:y=0opn x=%+1m, neZ

o Ilpomexcymixu 3naKonocmorxcmaea:
(=
ctg x>0 IpH xe\nn;-5+fm), neZ

(

etgx <0 npu xe\—%-i-nn;nn), neZ

o JIxcmpemymoe HET
o IIpoMemymicu MOROMOHHOCMU:

dyHKRIUAa YyORBaEeT HA KAXKAOM HHTepBaJe
obnacTu onpenenenns

o Acumnmomol: x=nn,nc2

3amevanue. T'padux dysxnuu y = ctgx monyuaerca us rpaduxa GyHxouu
y = tgx orpasikeHreM OTHOCHTeNbHO Mobol B3 KOOpAMHATHEIX Oceif
H DOCJIeAYIOIENM DAPA/ICIbHAEIM OepPeHOCOM BAOIb OCH X EA &/2.




OBPATHbLIE TPUTOHOMETPUYECKUE

®YHKUUNA
Yy = arcsinx Y = arccosx
¢yaxnua, obpareas pyExknEM dyaxona, obpatEas QyHKIEN

y=sinx, n/2<x<n/2 y=cosx,0<x<n

ye ya

20 I

2

-1
' >
I 1 x
mmmmm L _ R »
2 -1 0 1 «x
CBONCTBA OVHKIIHR"
Yy = arcsin x Y = arccos x

O6racme [-1; 1] [-1; 1]
onpedenenus:
O6aracme KR
HavenuilL [-E’ 2] [0; =]
Qemnocms, HedeTHAA HM JeTHAS, HX HEUETHAR
HeuemHrocmb:
Hynau: y=0mpux=0 y=0mpnx=1
Ipomemymuu y>0mu xe(0;1] y>0npu x e[-1;1)
3Haxonocmo- y < 0mpu x e[-1; 0)
ancmea:
Axcmpemymot. HeT HET
IIpomencymxu BO3pACTAET HA BCeM yObIBaeT Ha BCEH
MOHOMOH- oBnacTu onpenenenna  ofnacTH onpeaeneHNA
HoCMu:

arcsin x + arccos x = nt/2

*) CM. Taxaxe crp. 187.
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y = arctgx

¢yrrnus, obparaas GpyHKImMn
y=tgx, n/2 <x<mw/2

y = arcctgx
¢yrrmma, obpaTEan dyEKIUA

y:ctgx,‘)(x(ﬂ

vy ve
n/2 = n
/2
0 14 /
-r/2 0 3
CBOACTBA ®YHKIIHA
y = arctg x Yy = arcctg x

o Obaacmo R R

onpedenerus:
o Obaacmy T n .

anavenuil B 0; =)
e Yemnocmy, HEYeTHAS HH veTHad,

HeYemHrocmy: HH HedYeTHAs
o Hyau: y=0npux=0 Hyneii HeT

o IIpomemymicu

y>0mu x e(0; o)

y>0npu xR

3Haxonocmo- Yy <0 mpa x € (-x; 0)
aHemaa:
o  Jxcmpemymot: HeT HeT
o IIpomexymxu BO3pACTaeT yOuiBEET
| Monomownnocmu: npn x €R npu x€R
n s
o Acumnmomot: y=—EHy=-§ y=0ny=mnx

arctg x + arccetg x = n/2




YPABHEHHUA"Y

YpaBHeHueM Ha3bipaeTCA PaBeHCTBO, COAepXalLee OAHO
WITN HECKONBKO HEUIBECTHLIX.

Obwuil 6ud ypasnenun
C OZHHM HEU3BECTHLIM:
f1(x) = fa(x),

C N1 HeR3BeCTHRIMH.
fl (xl!"ﬂxn) = f2 (xlv"sxn)*

YacTo Bce QYHKOKK NEPeHOCAT B OAHY YacTh YpPaBHEHWA, H TOrAA
YPaBHEHUSI NPUHUMAIOT BUA:

f(x) = 0;
f(x1,...,%,) = 0.

O6nacTbio AONYCTUMbLIX 3HAYOHWUW YPaBHEHUA Ha3bIBasTCA
obnactb onpeaenenun cyrkumin £(x) wm £ (x1,...,X,).

Npumep. O6J1ACTHIO KONYCTUMEIX 3HAYEHHEN ypaBHeHUA
Vx-2 =+8-x ssasercs x € [2; 3]).

PewierineM ypaBHeHUn ¢ OIHUM HEU3BECTHBIM (KOPHEM ypaBHe-
HWRA) Ha3bLIBAATCA TAKOe 3HA4YeHNe HEU3BECTHOID, NPU NOACTAHOBKE
KOTOpOTO ypasHeHue o6palliaeTcA B BEPHOE YUCNIOBOE PABEeHCTRO.

PewnTb ypaBHeHUe® — 3HA4UT HAWTW BCE ero KOpHW unu Ao-
Ka3aTb, YTO KOPHeN HerT.

Npumepsi. Permts ypaBHenne x2 - 4 = 0 — 3maunT HaltT™u ero
KODHH X; = —-2; X3 = 2; peInuTh ypaBHenne x2 + 4 =0 —
3HAYUT JOKA3AThH, YTO KOPHEH HeET.

PaBHOCUAbHLIMU HA3LIBAIOTCA YPaBHEHUA, MHOXXECTBA KOp-
He! KOTOPbIX COBNAAAIOT.

B uacTHOCTH, PABHOCWIbHLI BCe YPaBHEHH A, He HMeKmue KOpHeH,
MIpumeps! pAGHOCUNLNBIX YPagHeHUII:

l.x-2=0n2*=4,
2.8inx=2n J;z—l.

*) Pemrenns Bcex ypaBHeHuit, HOPABEHCTB M CHCTEM PACCMATPHBAIOTCHA TOABKO
HAa MHOMeCcTRe JelfiCTBRTeNLHEIX YHCel.




JINMHEUHBIE YPABHEHH A
ax +b=0,

raied u b —peticTBuTENBEREIC YMCTA

Hanwmaue xopHe#t ¥ BX 4UCcA0 3aBHCHUT OT 3HaueHMil a u b.

a0, b — moboe uncxo

YpasHeHue ax + b = O ume- y
eT OOUH KOPeHb: R
b N
X =-——, 4{
a
IIpaMas y = ax + b nepecexaer
OCh X B OXHOH# TOUKe.

fMpumep: 2x + 3=0x=-1,5

a=0,b#*0

Ypaerenwue 0-x + b = 0 ne vt
UMEET KOpHeil. y=»ot

IIpamas y = 0-x + b He mepecexaer
OCh X, >

Nipumep: 0-'x + 2 =0 — ypaBHeHMNe He HMeeT KOpHeH.

a=0,6=0

YpasHenne 0-x + 0 =0 4
umeeT 6ecKOHEYHO MHOro KOp-

HeW: KOpHeM fABnseTcA nboe
Yyucno. y= 0

IIpamas y = 0-x + O coBnagaeT x
C OCBIO X.

fMpumep: 0-x + 2 = 2 & 0-x = 0 — KopHeM aBAserca dwodoe
YHENO.



KBAJIPATHBIE YPABHEHHSA
ax2+bx+c¢c=0,raea#0

Ypasuenye B of1IieM BAZe MOYKHO PEIIIMTE ¢ IOMOIILIO 6bideNeHUR NOAHO-
20 xeadpama (cM. cTp. 30). Yucso KopHel 3aBHCHT OT 3HAYEHHA Juc-

xpumunanma D=5 - dac.

3amevanue. Ecau a < 0, yno6HO YMHOXKHTL YpaBHeHUe Ha —1, uToOL!
HOJNYYHTEL YPABHEHHE ¢ HONOMHUTENLHEIM KoathdHNHeHTOM NpH x2,

Npumep: —2x2 + 5x -3 =0 2x2-5x+3=0

D>0

YpasHeHue nMeeT [1Ba KOPHN:

~b-+D —b+JD
Xy =——p 3 X =,

2a 2a
IIapaGona nmepecexaer och X B
IBYX TOYKAX.

3ameuanue. Eciu b — veTHOE 9HCHO,
ANA HAXOMAeHuA KopHelt ofbiuHo
Henoanayerca Gopmyna

_Zb2ENG2) - ac

13

D=0

YpaBHeHue uMeeT 0AuH (ABYy-
KPATHBIA) KOpeHb:
-t
" 2a
ITapaGona xacaerca oCH X.

X1

D<O0

YpaBHEHUE HEe UMEEeT KOPHEeW.

ITapabosa He mMeeT O6ITUX TOYEK
€ OCHIO X.
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HENOJNHHE KBALXPATHHE YPABHEHHA

ax2+bx=0,ax2+c¢c=0,ax2=0
Takue ypaBHEeHEsA pelnaioT oOrIyHO Oed npuMeHeHus obmes dop-
MYJHB AJIA KODHeHl KBAaIPATHOrO YpaBHEeHHA.

ax2+bx=0,b#0

YpaBHe+ne Bcerga nmeeT asa KOPHA. yt
PewaeTcs ¢ NOMOLLBIO Pa3foXeHWA ne-
BOW MacTy YPaBHEHUA HA MHOXUTENN:
>
x(ax+b)=0 %y X3 X
b
x1=0; x, = ——,
a

ITapafona nepecekaeT ock X B ABYX TOMKaxX, OgHA M3 KOTO-
PHIX ABJAETCA HAYAJOM KOOPZAHHAT.

Mpumep: 22 -2x=0x(x-2)=02=0; x9=2

i i

ax2+c¢=0,c#0

YpaBHeHve He UMeeT KOPHew, eCNK 3Ha- . y? ,
KM @ ¥ € COBNAAaIoT; ypaBHeHue nMeet “‘ 'o'
ABA KOPHA, €CAY 3HAKN @ W C Pa3NNIHLL L

x c x c \/ >
1 “—“-\’——; 2 ='J"—- x x, x
a a 1 2

Ilapabosa nin He llepeceraeT OCh X, HJIH NepeceKaeT ee B JBYX
TOYKaxX, CHMMETPUYHLIX OTHOCHTEJNLHO HAYAJIA KOODAHHAT.

Npumepsr: x2 + 1 = 0 — Her pemenni
2-1=0ox=-1;x=1

ax2=0

YpaBsHeHve nmeeT oavH (aBYKpaTHbIit) y
kopeHs: x1 = 0.

Iapa6osa KacaeTcs OCH X B HavYajge KO-
OpIEHHAT, 0 >
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TEOPEMBI BHETA

1. ECnu X1 W X2 — KOPHU KBAAPATHOrO ypasHeHUs

ax2 4+ bx +¢=0,70 x1 + X9 =-b/a; x;: x9 =c/a.
2. Ecnm X1 U X9 Takosbl, 4T0 X1 + X9 = —b/a, x1* x92 = c/a,
TO X7 N X9 ABNAIOTCH KOPHAMU KBAAPATHOTO YPaBHEHMUA
ax2+bx+c=0.

NPHBEAEHHEIE KBAJPATHHE YPABHEHHSA
MpueeneHHLIM KBAAPATHLIM YPABHEHUEM HA3LIBAETCA ypas-
HewmeBupa X2 + px +q=0

3amevanue. Joboe KBagpaTHO® ypaBHerue ax2 + bx + ¢ = 0 MOXHO
NPHMBECTH K TAKOMY BHMJY C IIOMOILIO /IeJICHNS YPABHEHHS HA 4.

®OPMYJIH BHETA AJA KOPHEHN
IIPHBEREHHOI'O KBAJIPATHOI'O YPABHEHHA

X1 +Xx2=-p; X1°'%X2=¢q

TeopeMnl Buera 9acT0 MCHONL3YIOTCH ANA:
o Ilod6opa rwopheli Ge3 peuieHun YypasHeHUR

e Onpedeaenus snaxos xopHeii 6e3 peweHus ypasrenus (npu
ycaosuu D > 0) no caedyrwwum npasuram:

p>0 p<0
q>0 0O6a xoprA Ob6a KopHA
OTPHUIATEIBHBI HOJIQYKHUTEIBHEI
g<o KopHu HMEIOT NPOTUBONMOJIOKHEIC 3HAKH

fMpumepst nodbopa xopueil ¢ ucnonb3oeanuem meopesm Buema:

1. x2 — Tx + 6 = 0. Herpyzuo nogo6pars mapy amces, CyMMa
KOTODBIX pasHa (, a OpouaseqeHue pasHo 6 — 310 1 u 6.
CornacHo Teopemam Brera KOpHAME KBAXPATHOTO ypasHe-
aud x2 - Tx + 6 = 0 apasgorea 1 1 6.

2. x2 - 4x — 5 = 0. HeTpyzaHo nogoBpaTs nmapy umces, cyMma
KOTOPHIX paBHa 4, a mMpou3BeAcHNe PaBHO ~b — 310 ~1 | 5.
CorsacHo TeopemMaM BHeTa KOPDHAMK KBAAPATHOTO YpaBHE-
Bua x2 — 4x — 5 = 0 geamorea -1 u 5.
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YPABHEHHS, CBOASHIHECH K KBAJPATHEIM
af’(x) + bf(x) +c=0

CXEMA PEIIEHHWSA

1. C noMoLbI0 BBEAEHUA HOBOV NnepemenHoit t = f(xX) ypaBHeHue
NPUBOART K BUAY
at2+bt+c¢=0

2, Ecnu 310 ypaBHeHWe UMEeeT KOpHU 11 U o (Wnn OAvH KOpeHb 1),
PeLISHNS NCXOAHOTO YPABHEHUA ULLLYT KaK PeLieHnA COBOKYNHOCTH

[f x)=t _
YpaBHEeHUNA fx) = ¢, (wnu oaroro ypaereHus f(x)=£7).

Yacranill cayuailt ypasHeRml, CBOAANIMXCA K KBAAPATHLIM — OuK6ad-
pamnuwie ypasrenus (ypasaerva Buga axt + bx2 + ¢ = 0). B srom cay-
uae BBOAAT IEPEMEHRYIo { = x2,
NMpumepei:
Buxeadpamnoe ypasnenue
x4 — x2 - 2 = 0; 3amena ¢ = x2

- x? = -1 Kopmell Her
tz—t-2=0<¢[t 1«:» P
t=2  [#2=2 x =12

Hppayuonanvhoe ypasnenue
Pyr?-2=40 (-2 +Va?-2-2=0;

samena ¢+ = Jyx? -2

R 90 [ =_2 Vx?— 2 = -2 KopHeil Ber
t“+1t-2=0& —
t=1 Vii-2=1 x,~1V3

Tpuzornomempunecxoe ypasnenue
sinZx - cosx + 1 = 0 < cos?x + cosx — 2 = 0; zamena ¢ = cosx
t=-2 cosx = —2 KopHeH Her
2+t-2=0& &>

t=1 cosx=1 x=2nn,nelZ

Hoxa3zamenvnoe ypasnenue
32r-12.-314+3=0c8%*-4-3*+3=0;
samena { = 3

2-4t+3=0& tzl@ 8 =1© *=0
t=3 3'”:3 x=1



HPPAIIMOHAJILHHE YPABHEHHSA

Kax npasmno, MppannonajlbHOe YPABHEHME CBOAHTCA K PABHO-
CHJIbHOU cHCTeMe, cojep:xamelt ypaBHeHUs M HEPABEHCTBA.

f(x) = g(x) f(x) = g(x)
1. V() = Jg(x) © {f(x) S0 "M {g(x) >0

3amevanue. s gpyx cucrem BuSupaior Ty, KoTopad pemiaercsa mpo-
me.

- = 2_ _—
Npumep: V8- x = Vx? - Bx - 2 @{g x};c Sx 2@
-x

9 x=5
x-4x-5=0
o o x=-1 ox=-1
x <3

x <3

2. Jf(x) =a

Ecnn a < 0, ypaBHeHne He MMEET KOpHEiA.
Ecnu @ > 0, ypasHeHwe pasHocunibHo ypasHeHmio f(x) = a2.

3amevanue. Hinorns uppanuoHAJLHOE YpABHEHHE MOXKHO CBECTH K
NpHBEICHHOMY BHAY ¢ IOMOIILIO BBeAGHUA HOBOM IIepeMeHHOI.

Mpumep: x —JYx+1=5 < (x+1)-Jx+1-6=0

z=vx+1, zz_z_6=09[2=-2 - Jr+l=-2
2=8  |Jx+1=3

IIepBoe ypasHeHNEe COBOKYITHOCTH He MMeeT KOpHeif, KOpens
BTOpPOT'0 YpaBHeHHA X = 8,

gx) =0
3. Jf(x =g(x) © { ) = g*(0)

-120
Mpumep: JT-2=2-1& * s &
T-x=(x-1)

x>1

x>1
<4, S <dx=-2 ©x=3
x-x-6=0
x=3
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IIPOCTEHIINE ITIOKA3ATEJIBHBIE YPABHEHUSA
a*=b,raea>0,a#1

e ——————

Ecnu b > 0, ypasHenue
HMEeT OAWH KOPeHb:

x = loggb.

T'padur dyaxknuu y = a* nepe-
cexaeT OpAMYIO ¥ = b B ogHOM
TOYKeE.

A
Y
Ecnu b < 0, xopHeii Her. é’
I'papur Gynknmuu y = a* He me-
pecexaeT npaMy10 y = b.
X,
_’
....... ghe===---

fpumepsi: 1. 2’=%¢:x=log,%=—1 2. =9 x=log;9=2

MPOCTENIIUE JIOTAPUOMHYECKHE YPABHEHUA
log,x =b,raea>0,a#1

YpaBHeHue nmeet oavH ! PRV P
AONOXUTENbHbLIA KOpeHb 5 Y
npw mobowm b: e e sl
x = ab. —>
X

I'padux pynxnuu y = log,x
nepecexaeT NPAMYIO Yy = b B
OAHOM TOUKe.

Npumep: logax =-1x=2"1=1/2
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IMPOCTEMIIIME TPHTOHOMETPHUECKHE YPABHEHUA
sinx=a

lal < 1

x=arcsina+2nmn,neZ

sinx=a & .
x=n—-arcsina+2nxn,neZ

9t zBe GopMYJIBEI MOXKHO 00BeAHHUTE B OAHY:

x = (—1)*arcsinag + nk, Bk € Z

a = arcsin a; B == — arcsin a

YacTaBIC CAYIAN

a=-1 a=0 a=1
ginx=-1 ginx=0 sinx=1
x=-n/2+2rnn,neZ x=nn,ne’Zz x=n/2+2nn,neZ
EE %/2
/‘\ . 0 ﬁ\
\7—/11;/2 \/
la] > 1
KopHeii Hem
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cos X =a

lal < 1

x= arccosa+2nn,neZ

cosx=a &
x =-—-arccosa+2nn, nez

OTH ABe GopMyasl MOXKHO 00'beIUHUTE B OAHY:
x = tarccosa + 2nn, n € Z

o = —arceos @; f = arccos a

YacTHBIe CAYIAN

=-1 a=0 a=1
cos x = -1 cos x=0 cos x=1
x=n+2nn,nec’Z x=n/2+nn,nelZ x=2mn,neZ
/2
(\ ) {}0
lal > 1

KOpHell Hem




tgx=a ctgx=a

x=arctga+nn,neZ x=arcctga+nn,ne

a=arctga o = arcctg a

asinx + bcosx=c (a, b=#0)

YpaBueHMe He uMeeT KopHeit, ecan a? + b2 < ¢2.
Ecau a2 + b2 > ¢2, ypaBHeHNe MOKHO MPUBECTH K BUAY:

a . b c
—SiNX+ ———C08 X = ———
Va2 + b? Ja? +b? va? + b?

b

2 2
a
TIocKOMBKY [—J + (—J =1, MOXHO BBECTH HOBYIO
Ja? + b Ja? + b?

a . b
IIepEMEHHYIO ¢ TAKyI0, IT0 °°3¢=JT—_’ sing = ——=—.
a®+b? Ja? +b?

YpasHeHue npumMet BuA: sin(x + @) = S

a? + b?
Kopuu aToro ypasaeHus:

;Jmk,kez.
\l¢:2+l:'2

x = - + (-1)* arcsi

V3 V2

- 1 L]
fipumep: sinx + ¥3 cos x = ﬁ@ismx+—cosx=

.g..) =i§_@x=_£+(—1)k%+ﬂk, keZ

& 8i +
tinfx+3) - F o =2
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YPABHEHUWE C ABYMA NEPEMEHHbLIMMU
U EFO NrPADUK

O6uyui eud:
fl(ny) - fZ(xsy)

PeweHnem ypasHeHus C ABYMSA NEPEMEHHbIMU Ha3biBaeTCH
napa uncen (Xg, Yo), PN NOACTAHOBKE KOTOPbLIX BMECTO CO-

OTBETCTBYIOLUMX NEPemMeHHbIX X, I/ ypaBHeHue obpallaercs B
BepHOe YMCNOBOEe PaBEeHCTBO.

PewnTb ypaBHeHNE C ABYMSA HEU3BECTHLIMU — 3HAYUT HANTK
BCe ero peleHun WNK A0Ka3aTb, YTO PeLUeHNA HeT.

Mpunmepe::

1. x2 + y2=1 — GecKOHEYHO MHOr0 pemIeH#iH: pelmeHHeM B-
aserca aiobas mapa 4Yucesl, COBOAJalOIINX ¢ KOOpPAMHATAMH
TOYKH, Je)Kainel Ha efUHNIHON OKPYIKHOCTH, T.e. OKPYHX-
HOCTH pajguyca 1 ¢ HeHETpOM B Havaje KOOPXHHAT

2. x2 + y2=0 — ongno pemenue: x=0, y=0

8. x2 + y?=-1 — pemennii mer

Pewenusn ypasnenua ¢ 08yma nepemennvimu npedecmasasiom wac-
mo 6 sude zpacura.

Fpadvkom ypaBHEHHA C ABYMA NEPEeMeHHLIMU Ha3biBaeTCa

MHOXECTBO BCeX TO4YeK NNOCKOCTHU, KOOPAUHATLI KOTOPLIX X, Y
ABNAIOTCH PEWEeHNAMW 3TOI0 ypaBHeHWA.

Npumepst 2pachurce ypasHeHUs ¢ 8YMS NePeMeHHLIMU:
1. (x-2P+(@+1P=9 2. xy=1 3. |2 |y=1

y A




6.(x+3)y-2)=0

yT

2

RY

5. y? = x2
ya

7.8inx-siny =0
ya

3l 4
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HEPABEHCTBA

I

HepaseHcTBamMn Ha3biBalOTCA BbipaXeHuna supa a < b,
a<b a>b as>b, raeawvbwmoryt 6biTb Yuchamu (Yucno-
BbiMU BbipaXXeHUAMK) unu PyHKUMAMU. HepaeexcTBa, coaep-

XKALIUe 3HaAKU < UWNK >, Ha3bIBAIOTCA CTPOrUMHK, & coaepxauiue
3HAKU < WK » — HECTPONMMMMA.

Pasauvaiom 0ea auda nepasenHcma: sucCI068bie U HEPABEHCMEA ¢ nepe-
MEHHOLMU.,

fpusmepsi:
1. b < 10 — uncaoBOE HEPABEHCTBO
2. 2x » 3 — HepaBeHCTBO C OAHOH NnepeMeHHOM
3. 2x < 5y — HepaBeHCTBO C ABYMSA NepeMeHHLIMHA

i

PelweHnem HEPaBEHCTBA C OAHON NEPEMEHHOW Ha3bLIBAGTCRA Ta-
KO® 3HaueHWUe NePeMeHHO|, NPU NOACTAHOBKE KOTOPOrO HEPaBeH-
cTBO 06PALLAeTCA B BEPHOS YUCNOBOS HEPABEHCTBO.

PewnTb HepPaBeNCTBO — 3HAYUT HAWUTU BCE €ro peLUeHKnn
WNK NOKa3aTb, YTO PEEeHUA HeT.

fpumeput:
1.x22+5>0exeR
2.x-4< 0 x e(—w; 4]
3. x2 < 0 — pemenut er

PaBHOCUNLHLIMWY HA3bLIBAIOTCA HEPaBeHCTBa, MHOXEeCTBa
pelleHuiA KOTOPLIX COBNAAAIOT.

B uacrHOCTH, DPABHOCIILHE! BCE HEpABEHCTEA, HE HMEIONINe penteHni.
fNpumepsl PaeHOCUNLHBLIX HepPaseHCMe:
1.x>2ux3>8
2.8inx>2m J;<-1
W3 HepaBeHCTB Tak ke, KAK U3 YPABHEHM, COCTABIAIOT CHCTEeMK
¥ COBOKYIHOCTH (IIpHMepst cM. Ha cTp. 66). KpoMe Toro, gacro

paccMaTpHBAIOTCH CHCTEeMBI M COBOKYIHOCTH, COZepIKalue OfHO-
BpEeMeHHO YpaBHeHHUs ¥ HepaBeHCTBa (IpHMepHI CM, HA CTD. b4).
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NUHEWHBIE HEPABEHCTBA
ax+b>0,ax+b>0,ax+b<0, ax+b<0

a>0 vyt X

ax+b>0& xe(w-zu-;oo]

ax +b<0

(=2
S X e| —0——
a

ax+b>0¢:>xe(-oo;—%)

ax +0<0& xe(—g;oo)
a

cx+b>0& xR

x + b < 0 — pemeunnit ser

a=0,b>0]|¥% 0
y=0.x+0
b 0-
0 g
a=0,b<0] ¥4 0-
%> o
y=0-x+b
Al

x + b > 0 — pemenu#i Het

cx+b<0soxe R

- - 0
¢=0,> m !iTyMO-x+O>
0| x

- x + 0 > 0 — pemeBuit HeT
0-

x + 0 < 0 — pemennit Her

3amevanue. Eciu HepapeHcTBO HecTporoe (ax + b > 0, ax + b < 0),
ero penleHMeMm spisercs obbeauuenune peinesuit coorsercTayIome-
I'0 CTPOroro HepaBeHCTBA ¥ ypaBHeHHA ax + b = 0. Hanmpumep,
x+230 xe[-2;w); 0-x<0& x €R.
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KBAAPATHbBIE HEPABEHCTBA

ax2+bx+¢>0
ax2+bx+¢>0

Pemerne HepaBeHCTBA 3aBHCKHT, B OCHOBHOM, OT 3HaYeHMU KO-
abdunmenTta ¢ u guckpumubanTa D = b2 - 4ac.

Ecnu a < 0, yno6Ho yMHOXHTh HepaBeHCTBO Ha -1, T.e. n3-
MEHUTHh BCe 3HAKM B JIeBOil YACTH Ha IIPOTHBOIONOMKHBIC B UIMe-
Humb 3HaK HepaseHcmaa.

Npumep. HepaBeHcTBO — 2x2 + 8x — 6 > 0 paBHOCHILHO Hepa-

BeHCTBY 2x2 - 3x + 6 < 0.

Huxce paccMoTpeHBI TOABKO ciiyuau a > (.

ax2+bx+c¢<0
ax2+bx+¢<0

D>0

ax2+bx+¢>0
Pemernuem aBanerca ofrneauHeHne

ABYX Jaydeit: (—oo; x9) U (x9; o).

ax?+bx+c¢c<0
PemenyeM ABAACTCA HHTEPBAJ
(x1; x9).

My

Ry

ax2+bx+e>0
PemenueMm aBnaerca of/befUuHeHNe
AByx Jyaeir: (—oo; x1) U (%5 o).

ax2+bx+c¢<0
Pemienuit Her.

>
X

ax2+bx+c¢c>0
PentenueM ABAAETCS
BCA YHUCJIOB&HA OCh.

axl+bx+e<0
Pemeruit uer.

3amevanue. Ecia sepasescTeo Hecrporoe (ax2 + bx + ¢ > 0,
ax? + bx + ¢ < 0), ero pemenreM ABageTcs ofbeaMHEHME pellie-

HHA COOTBETCTRYIOIIETO CTPOrONO HePABEHCTBA M YDABHEHHSA
ax? + bx + ¢ = 0. Hanpuuep, x2 - 82+ 2<0 & x € [1; 2}




METOA4 MHTEPBANOB

AJISI HEPABEHCTB BUAA
(x-a)(x-a,)"...(x-a)" >0 (350; <0;<0), rme k; e N

CXEMA PEIIEHHA

1. Havitkm ryau GyEKDME, CTOSINEN B JIEBOM YACTH HEDABEHCTBA.

2. OTMETHTP NOJIOMKEHHE HYJICH H& YHCJIOBO OCH M OHPEAESIHUTH
UX Kpamuocmbd (ecin B; ueTHOE, TO HyJNb YeTHOH KpaTHOCTH,
ecsin k; HeYeTHoe — TO HEYeTHOM).

3. Hafitk snaxu pyrnkyuu B IPOMEXKYTKAX MEKAY €€ HyJaMu, Ha-
YHHAS ¢ KpPaliHero IpaBoro MPoMe)XyTKa: B 9TOM NIPOMEXYTKe
¢dbyHKONA B JeBO# YACTH HEPABEHCTBA BCErJA NOJIONUMENbHA
AJIA NPHUBEAEHHOI'O BHAA HepaBeHCTB. IIpm mepexone cnpasa
HAJIEBO Yepes HyNb PYHKIME OT OTHOT'O IPOMEXYTKA K COCen-
HEMY cJIeAyeT YYUTHIBATE:
® €CJIH HYJb Hewemrnoi KPaTHOCTH, 3HaAK QYHKIIME UIMEHAEINCR;

® eC/IM HYJb YeMmHOI KPATHOCTH, SHAK QYHKIHMH COXPAHACMCA.
4. 3anucaThb OTBET.

Mpumep: (x — 2)(x — 3)%(x —4)3 > 0

l.aymm: x=2,x=8,x=4

N & ney
W wWweuem
e @ HeY

4. x € (—oo; 2] U {3} U[4; )

3amevanue. Ecnn Gyaxnus, crosias B aepoit YaCTH HEPABEHCTEA,

COAEPXKUT MEOMXUTENH BHAa (a, — x)"‘ , CIeAyeT 3aMEeHHTH HX CO-

OTBETCTBYIOIMMH MHOXUTEAAMH (X — a, )”' ¢ YUeTOM 4eTHOCTH k;.

Mpumepsr:
1.(2-x02=(x-2)?% 2.(2-xPB=—-(x-2)8




NPHMEHEHHE METOJA HHTEPBAJIOB
AJ1d PEINEHAA TPOBHO-PAIIHOHAJNBHEHX HEPABEHCTB

CTPOTHE HEPABEHCTBA

—aWM. ... (x-a )"
((:: :l))m ((: :!))p.. <0 (uam > 0), rae &, pje N
—5)" ... (x-b,
pPaBHOCUNBLHO HEpPaB8HCTBY
x-a ) (x-b)" ... (x-b,)™ <0 (unu > 0)

(x-a)" ...
CxeMmy pelleHnn Takux HepaBeHCTB CM. Ha CTp. 64,

x— 2)(x 3)* <0 (x-2)x-3)2(x-1)<0

Mpumep
\ﬂ’ x € (1;2)
HECTPOTHE HEPABEHCTBA
= ::)E e :,,,))k‘ <0 (wnu >0), rae ki, p € N

PaBHOCUNbLHO CUCTEME
x-a) ... (x-a)Y"(x-b)" ... .(x-b,)"< 0 (uam > 0)
x#b,b...,b,
CxeMy pelweHns hepBoro HepaBeHCTBa CUCTEMbl OM. HACTp. 64.

fipumepsi: 1. (x - 2)(x - 3)2 <0 Q{(x - 1I)(x - 2)x - 3)<0
x-1 x#1

w’ x € (1;21U{3)
1 2 3

o Z-x-2) . {(x—3)2(x—2)>0
x—-3 x#+3

+
— 72 3 x €[2;8)U(8;»)

3amevarnue. Cokpanenne qucauTela ¥ 3pamMenarens Ha (x — 3) Bo BTO-

PON TIpMMepe NnpuBeso Ol K HepaBeHCTBY X — 2 »# 0, pellleEHe KOTO-
poro [2;w) coaep:XuT 3HaMeHMEe X = 3, KOTOpOe He ABATETCH pe-

meneM MCXOXHOTO HEepaBeHCTEA,




HPPAITHOHAJIBHBIE HEPABEHCTBA

Kax npasujio, MppAIHOHANLHOS HEPABEHCTBO CBOJUTCH K PABHO-
CHIBHON cHCTeMe (MM COBOKYIHOCTH CHCTEM) HepaBeHCTB.

2(x)>0
f(x)> g(x)

g(x)>0

VI(x) > Jg(x) & { f(x)>g(x)

Vf(x) > Jg(x) & {

f(x)>0 f(x)>0
V() < 2(x) & {g(x)>0 JI(0) <g(x) < 18(x)>0
f(x) < g*(x) f(x)<g*(x)
[ {g(x) <0 [ {z(x) <0
f(x)>0 f(x)>0
V@) > g(x) & {‘ (£)>0 Ji@) >g(x) & {‘m 50
| f(x)> 8°(x) | |f(x) >g*(x)

NMpumepss:

4-x30 x<4
1. 12 >v4 -
vE+12>4 xa{x+12>4-x¢{2x>—8a

@{x<4 Sx e(—4:4)
x> -4

x<0
x+ 250 -2<x <0
2, Jx+23x o = < x e[-2; 2]

x>0 0<x<2
|x+2 52
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NMMOKA3ATEJBHBIE HEPABEHCTBA
af®) > qg8®) rpea >0,a#1

a>1 0<axl

a/®) > g#*) & f(x) > g(x) al(® > g8l*) & f(x) < g(x)

Mpusmepst:
1. 2 5 2% x2 > x+2 & x € (—0; —1)U(2; )

lzx lx-l
2. (-é-) <(—-§) S 2x5x-1oxe[-1; x)

3amevanue. B ciyuae HeCTPOrHX HEePABEHCTB 3HAKH > H < 8 PelIeHUAX 38-
MEeHAIOTCHA COOTBEeTCTBEHHO Ha » H <,

JOTAPHOMHUYECKHE HEPABEHCTBA
log,f(x) > log,2(x), rnea > 0,a # 1

a>1 0<a<xl

g(x)>0

log,f(x)>1 o
ogaf(x)> log,g() {f >

f(x) >0
log, 1
og,f(x)> log.e(x) @{ 1) < 2(2)

: o1 g(x)>0 log,f(x)>1 {f(x)>0
08a/(x)> logag(x) & {ﬂx) e |log g P

Mpumepsi:

1. log,(x + 8) > log,(2:|c+4)4»{2“m+4>0 @{’»-2 o xe(—2;4)

x+8>2x+4 x<4

x-2>0
2. log,(x-2)>log,(x*-3x+1) &
g%( ) g%( ) {x-2<x’-3x+1

x>2
x-2>0
<9, & x <l & xe€[3; o)
x*-4x+3 >0
x> 3

3amevarnue. Cnegyer obpaTuTs BHEMaHME Ha o6JaCTh ONpefeNeRyuA

dyrrnuY ¥y = log, X: pemeBuAa HeCTPOTHX HEPABEHCTB Me 6Ce20a
noayvaiomcsa u3 pelleHuit COOTBETCTBYIONINX CTPOI'HX HEPABEHCTB
NIPOCTO 3AMEHOM 3HAKOB > M < HA 3HAKH 2 ¥ < ,




MPOCTENIIVE TPHI'OHOMETPHYECKHE HEPABEHCTBA"
gsinx>a;sinx>a;sinx<ag;sinx<a

lal < 1

sinx>agaoarcsinag + 2rn < x < g — arcsin g + 2nn,
nel2z

a=arcsing; B=n-—arcsina

sin x <a & —n—arcsina + 2nn < x < arcsin a + 2nn,
nelZ

o =—n —arcsin a;, P =arcsina

3amevanue. B cnyuae HeCTPOrHX HEPABEHCTB 3HAKHK > K < @ PeUleMHU-
AX 3AMEHAIOTCH COOTBETCTBCHHO HA » M < .

a=-1 a=1
sin x < -1 — perennit Her sinx <1 x#7n/2+ 2nn
sinx<-1x=-n/2+2rn sinx<1le®xeR
gin x > -1 x #-n/2 + 2nn sin x > 1 — pelneHuit Her
sinx>-1xeR sinx>»1&x=n/2 + 2nn
a<-1 a>1

sinx <a (<ag) — peuleaunit Her [|sinx <a (Ka)ex e R

sinx>a (>a)xeR sin x > a (> a) — pemenuii "Her

— A

*) Bo Bcex dopMyaax, NpuBeileHHLIX B 2TOM pasjene, n € Z.
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COSX>a,co8x>a,co08X<a,Co8X<a

la] <1

cos X >a < —arccos a + 2nn < x < arccos a + 2nn,
nelz

)

]
_—
n
a
L

v

o = — arccos @; [ = arccos a

cos x < a<arccosa + 2nn < x < 2x - arccos a + 2nn,
nelZzZ

o =arecos a; B =2n — arccos a

3amevarue. B chydae HeCTPOrEX HEDABEHCTB 3HAKH > K < 8 PeUleHUAX 3a-
MEHSIOTCA COOTBETCTBEHHO HA » H < .

a=-1 a=1
co8 x < —1 — pemenuit HeT cosx <1 x#2rn
cosx<-1x=n+2nn cosx<leorxreR
cos x> -l x#n+ 2nn cos x > 1 — pemeRuii Her
cosx>-1oxeR cos x>l x=2nn
a<-1 a>1

cos8 x < g (< @) — pemeRrHit HeT jcos x <a(<a)ex e R

cosx>a(>a)eoxe R cos x > a (> a) — pemeBuii Her
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tgx>atgxza;tgx<a;tgx<a

tgx>a tgx<a
arctgat+nn<x<n/2+nn, | n/2+ nn <x <arctg a + nn,
nez neZz
tgx>a tgx<a
arctga + nn < x < n/2 + nn, -n/2 + °n < x < arctg a + nn,

ctgx>a;ctgx>a;ctgx<a;ctgx<a

ctgx>a ctgx<a
n<x<arcetga +rn,neZ | arcetga+an<x<na+ nn, neZ

ctigx>a ctgx<a

an<x<arcetga +nn,neZ | arcetgat+nn<x<n+nn neZ

- ]

3amevanue. Cnegyer oSpaTnTh BHUMARHE HE O5JACTH ONpeReeHHsA
dyakumit y = g x 1 y = ctg x: pemeHENA HECTPOTHX HEPABEHCTB MHe
6Cez0a NOAYHAIOMCA U3 PEIIeHHH COOTBETCTBYIOMMX CTPOTHX HEpAa-
BEHCTB IIPOCTO 38MEeHOMN 3HAKOB > K < HA 3HAKH > H < .
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CHCTEMBI IBYX YPABHEHHH
C ABYMJA HEN3BECTHBIMH
Ob6wuii eud:

{n (*,) = &,(x,Y)

f;(x,y) = 8,(x, )

PelleHvem CUCTeMbl 4BYX YpaBHEeHW! C ABYMS HOU3BECTHbI-
MU Ha3biBaeTca napa yucen (Xg, Jo)s NPY NOACTAHOBKE KOTO-

PbiX BMECTO COOTBETCTBYIOLIMX NEPEeMEHHbIX X, I ob6a ypasHe-
HUA cUCTeMbl 06PaLLAloTCA B BePHbI@ YUCTIOBbI@ PaBeHCTBA.

i i N

NMpumepsb::
x-2y=1
Pemenue cacremut: (3; 1)
2¢+3y =9
y=x
2. Pemennsa cucremnl: (—1; 1) 1 (2; 4)
y=x+2

PewuTh CUCTEMY YPABHOHKA — 3HAUMT HAUTK BCE ee pe-
LWeHUA UNU AoKa3aThb, YTO POLLUGHUNA HeT.

PaBHOCUALHLIMM HA3LIBAIOTCA CUCTEMbI, MHOXECTBA pelle-
HUA KOTOPbIX COBMNAZAIoT.

B uacTHOCTM, PABHOCIJILHE! BCe CHCTeMEI, He UMeIoIue pelneHmit,
CucreMa, He UMelOLIAs pelleHnit, RASLIBACTCH HECo8MeCcmHOlL.
Ipumep HecoemecmHOl CuCMeMbI:

x+2y=2
3x+6y=5

damevanue. Hapaay c cHCTeMAMHE ypaBHeHH 4acTO pacCMATPHBAIOTCH
cosoxynnocmu ypaBHeHRi. PemienneM COBOKYNHOCTH SIBNAETCH
ofreaAnHeHEne pelleHHil pcex ypasHeHn# COBOKYIHOCTH.

Jna ofo3HaTeEns COBOKYIHOCTH YPAaBPHEHUH HCHOJIL3YIOT KBAAPAT-
HYIO cKoOxy.
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OCHOBHBIE METOJbI PEIEHHSA CHCTEM YPABHEHHI

METOJ{ IOACTAHOBKH

JTanel peleHHs

IIpumepn

1. C moMomBI0 KAKOrO-
Jaunbo u3 ypaBHeHH
BBRIPA3HTE ONHO HEHU3-
BECTHOE Uepe3 ApyToe.

2x—y=4
x+3y=9

W3 MepBOro
ypaBHeHHUS

y=2x-4

x*+axy-y* =1
xX+y=2

K3 BTOpOro
YPaBHeHUS

v=2-x

2. IloacTaBuTEL HalifeHHOR
BBEIpAJKEHME B Apyroe
YDABHEHUe CHCTEeMEL: B
pesyaLTaTe NOJYIUTCH
OfHO YPaBHEHHE C Of-
HUM HeU3IBECTHBIM,

x+38(2x—-4)=9;
Tx =21

x2+ x(2 - x) -
-@2-x2=1;
x2-6x+5=0

3. Hailitu xopens (xop-
HH) 3TOrO YPARBHEHHH,
TO eCcTh HaliTh 3Haue-
Hue (3HAYeHHA) ONHO-
o U3 HeM3BeCTHHIX
CHCTEeMBI.

4. Ucnom3oBath Halifen-
HOE BBRIPAYKeHMe OAHOTO
HEH3BECTHOTO uepes
Apyroe (MOACTAHOBKY),
TO €CTh HaliTH 3Ha4Ye-
HHe (COOTBEeTCTBYIO-
e 3HA4YeHUs) BTO-
POTO HEM3BEeCTHOTrO.

y=2x-4-=
=2:3-4=2

n=2-x-=
=2-1=1;
Yya=2-x3=
=2-5=-3

8. 3anucare oTBeT.

3; 2)

(1; 1), (8; -3)
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METO/J CIAOKEHHMA
OTansl pelieHRsA IIpumepsI
1. Ca0HUTL TOWIEHHO
YPABHEHUS CHCTEMH, {4x+5y~=19 x4 | 20y + 2% = 2 |x3
YMHOKHB npexBapu- Tx — 4y = —51x5 | |3y — 4% = 5{x2)
mm“;?moe u3 {16x + 20y = 76 { 6xy + 3x2=16
YPasHEeHHH Ha [IO1X0- 35x — 20y = —25 | \-6xy + 82 = -10

OAIee YUCAO TAK, ITO-
6Bl B pesynbTaTe CJIO-
JKeHus MOJIYYHJI0Ch OJi-
HO ypaBHeHMe ¢ OfHUM
HEN3BECTHBIM,

51x = 51

3x%+ 8x = -4

2. Haitru xopeHD (KOP-

HH) 9TOro ypaBHEHHA,
TO eCTh HAWTH 3HAYe-
HHUe (3HAYEeHUA) OTHO-
I'0 U3 HEeU3IBECTHRLIX
CHCTEMBEI,

x, = —2;
X9 = —2/3

3. IlogcraBure HAalieHHOE

3HAYEHWE (3HAYEHHA)
OFHOIO U3 HEU3BECT-
HEIX B J1000€e U3 ypas-
HeHU# cucTeMbl: B pe-
3yJABTATE CHOBA MO-
JAYINTCA YpPABHEeHUe
{(vypaBHeHHUSA) ¢ OAHUM
HEM3BECTHBIM.

ITogcTanoBKA B
nepBoe
yDaBHeHUe JaeT:

4-1+5y=19;
by =15

ITopcranoBKa

BO BTOpOE ypaB-
HeHHe NAeT:

Opu X = X1 = —2
6y = 3;

opHu x = x3 = —2/3
2y =-~7/3

4. Haittu pemenue (perme-

HNA) 9TOr0 YPaBHEeHNA
(srux ypaBHeHuif), T0
eCTh HAMTH 3Have-
HUe (COOTBEeTCTBYIO-
e 3HaYeHnA) BTO-
POro HeM3BECTHOIrO.

n=1/2;
Yya =-7/6

5. 3anmucarsh OTBET.

1; 3)

(_2; 1/2)’
(-2/8; —-7/6)
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TPAOUYECKHA METOA PEMIEHUA
CHCTEMBI JBYX YPABHEHHHE C ABYMSA HEH3BECTHLIMH
Hapo nmocTpouThk rpadhukn 060X YpaBHEHHII B HANTH KOODAMHATH
O0IIX TOYEK 3THX rpadMKOB — 3TH KOOPAWHATEI ABJAIOTCA pe-
IIeHNAMH CHCTEMEI.

NMpusmepsr:
1 2+t =2
et -y=0

I'paduk nepsoro ypasHeHNA —
OKPY’KHOCTb DAIMyCa ¥2 ¢ IeH-
TPOM B Havajie KOOPAWHAT, Ipa-
(bHK BTOpPOIO YpaBHEeHHA — KYOH-
veckas napabosa y = x3. Oru apa
rpaduKa nepecekaiorca B ABYX
TOYKAX C KOOPAUHATAMM
-1;-1)m(1; 1).

9 ¥+t =25
. xy=12

TI'pathmk mepBorO YpaBHeHUA —
OKPYXHOCTb pagmyca b ¢ DeRTpoM
B HavaJie KOOPAUHAT, rpapuK BTO-
poro ypaBsHeHNs — rumepbosa

12
y=-;-9mnnarpa¢nmnepe-

CEKAalOTCH B YeTHIPeX TOYKAX ¢ KO-
opauHatamu (—4; —8),
(-3; —4), (4; 3) u (3; 4).

3amevanue. Xora rpadpuyuecknit MeTOX He BCErpa NO3BOAAET HAWTH
TOYHEIe DEIIeHUs CuCTeMul ypasaenuil, on nomMoraer obHADYXHTE
pelenns, KOTophle 4acTO YIYCKAIOTCH K3 BHAY DDH AHAJNHTHYE-
CKOM peIeHMH (HanpHuMep, OTPHLATENbHNIe 3HAUCHHUS HEMaBeCT-
HEIX B DPHUBEAEeHHEX NPUMepax).
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CHCTEMBI ABYX JHHEHHLIX YPABHEHHH
C ABYMSA HEM3BECTHHIMH®

a,x + by =c,

BoaMOXKHBIE CAYyIaH Tpajuueckan
HHTepNpeTANA
1. KoadpdunueRTH Opy HeN3BECTHHX B IIpameie — rpaduku
YPaBHEHUAX He HPONOPUHOHANBHEI, T.e. | ypaBHenmit cucreMu

aibs # asb,.

CucreMa MMeeT efMHCTBEHHOE pellieHue:

_ ;b —cb,
a,b, - a,b, ’

= &6y — a6
a,b, — azb,

NepeceKaloTcs B OAHOM
TOYKe, KOOPAMHATRE
KOTOPOH ABRAAIOTCA pe-
HIeHUEeM CHCTEMBI:

Yy
(x; y)

x

2. Koa¢dpunuenTs npyu HeH3BECTHHIX B
YPAaBHEHUAX IPONOPHHUOHAJBLHBI, T.€.

a1by = agby,
HO OHH He NMPOTIOPLMOHAIBHE! CBOGOLHBIM

YjIeHaM, T.€. G1Cy # GaC; UM bics # bocy.

CuctemMa He MMeeT pellileHHU.

IIpaMiie — rpadpukn
YpPaBHeHM CHCTeMBl
napasiieabHbl:

14

3. KoadbodHuunueHTH npU HEeHM3BECTHHIX H
¢B06OAHEBIEe YIeHE B YPABHEHHAX IIPO-
IOPIMOHAJBHEI, T.€.

a1bs = aghy, a1z = agey, bicg = bacy.

Cucrema uMeeT 6eCKOHEUHO MHOIO pe-
INeHH: pellleHNAMHY ABaAeTca giobaa
napa (x; y¥), YROBJAETBOPHIOMIAH OTHOMY
(s11060My) YPaBHEHHIO CHCTEMEL.

*) IIpeamonaraeTca, YTO B KaXKOM YPaBHEHMM CHCTeMH XoTA Gbi OAMH na
KO0PPHUIONEHTOR NPH HeMIBECTHRHX OTANMYEH OT HyNsH, T.e. rpadHKOM Ka-

JIOr0 YPaBHEHHUSA CHCTeMH ABJIACTCA HPAMAS.
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IIPOU3BONHASA U EE IPHMEHEHUA*)
IIPOU3BOTHAS

Mponasogroi dyHkumm f(xX) B TouKe X HasbiBaeTCs npeaen
oTHoweHus npupallielvn dyHkum Af = f(xg + Ax) — f(xg) x

npupawiennio aprymenta Ax npu Ax — 0, ecnu atot npeaen
CyuiecTayer:

f(x, + A%) = ()

['(%o) = klj}}

Ax
2 _ 2
Npumep: (x%) = 2?0 (x + Az X - Eﬂ(z;c + Ax) = 2x.

T'EOMETPHYECKHH CMBICJI ITPOA3BOXHON

MpouasoaHan B TOUKE X PaBHa YrmMOBOMY KOS UUNSHTY
KacatensHou K rpacmky yHkumn iy = f(x) B aToi Touke:

. = D~

¥ X, x 0 X, ¥
f'(x) =tga>0 ['(%)=tga=0 f'(x) =tg o <0

YPABHEHHE KACATEJBHOH
K rpacouky pyHxumm ¥ = f(x) B Touke x¢:
Y = flxg) + F(xe)x — x4) |

Npumep. Haxomgene YpaBHEHHA KACATEJABHON K rpadury
dyrxoum f(x) = J; B TOUKe xg = 1:
1. flxg)=1(1)=1
' 1
2. f(x)=Vx) =—=
@) =(Vx) = o=

8. fe)=fM) =

1 1 i
> 4. y=1l+—(x-1)=— —
3 v +2(x ) 2x+2

|
i
|
:
o' 1

“)Tabauny npomaBOAHEIX CM. Ha cTp. 188.
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BTOPASI NIPON3BOTHASA

BTopoit npouasoaHoit pyHkumu y = f(x) HaswiBaeTcA npous-
soaHan ot npouasoaHon f'(x) (o6osHavaetes f''(x)).

——

GUSHYECKHA CMBICJ TPOU3BOAHOH

Ecnu Touka ABWKETCA BAONb OCH X U 68 KOOPANHATA U3MeHS-
eTCA no 3akoHy X(t), TO MrHOBEHHAA CKOPOCTh TOUKK:

x(t + At) — x(t) _

vt) = Altiin)o At x'(t),
a yckopeHue:
- 1 U(t+At)—U(t)_ ’ — asl?
a(t) = Altlll;lo Ar =v'(t) = x"(t).
g.tZ
Npumep. Ilpn cBoGogaom nagenun x(t) = = v{g) = x'(t) = gt ,

ait)=v'(t)=¢.
IIPABUJIA THOOEPEHIIMPOBAHUSA

Ecnn y doyrkumi u(x) v v(x) cylwecTsyloT npou3BogHeIe, TO

(tv)yY=u"zv
( = (V#£0)

v'.a’

(cu)’ = cu’, rme ¢ — const o

(wv) =u'v+ uv'

4
u) _u'v—u

IIPOM3BOAHAA CJIONKHONA OYHEITHH

Ecnu v = f(2(x)) v cywecTsyloT npoussoaHue f; 1 g, , 10
y, = fs - 8,

roe nHAeKkeH § U X yKasbisaloT, NO KaKOMY apryMeHTY Bbluuc-
NAIOTCA NPOU3IBOAHEIS.

t

Cos X

NMpumepsi: 1. (-Jsin x) = ﬁ-(sin x)' = m (sinx > 0)

2. (Inginx) = ——-(sinx) =% - ctgx (sinx>0)
sinx sin x

3. (x*) = (e-“‘“)' = e™*(xlnx) = x*(nx+1) (x> 0)
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NPUMEHEHME I'IPOM3BOJJHOEI
K UACCNEROBAHMIO ®YHKLIUMN

MOHOTOHHOCTD

docmamovnoe ycnoeue
eospacmanun pynxyuu
Ecom B kaoxaol Touxke uaTepnaina (a; b)
f'(x) > 0, To pyrxmusa f(x) MOROTOHHO
BO3pAacTaeT HA TOM HHTEpBAJLeE,

nvY

Hocmamounoe ycnoeue
A yOvisanun Qynxyuu
Eenu B kaxaoil Touke urTepsaia (a; b)
. f'(x) <0, To dyuxkumusa f(x) MOHOTOH-
a b «x
90° < o < 180° HO yOBIBAET HA 3TOM HMHTEpBAJE.

b ey ey e

3amevanue. Ilpusenennnle YCIOBMA SBIAIOTCA TOMLKO JOCMAMOLRbIMU
YCAOBHAMM MOHROTOHHOCTH, HO He ABAfioTea Heobxomnmpinu. Hanpu-
Mep, Gyuruaa y = x3 Boapacraer po Beeil 061acTH onpeaeTeHns, XoTa
ee npouaBofHan y' = 3x® obpamaercs B Hyas mpu x = 0,
Mpumep uccnedoaanun PyHKUUU HA MONOMOHHOCTL!
y=x3-38x
y =3x2-8=3(x2-1)
y' >0 npu x € (—oo; -1) u npu x € (1; x),
CJIEIOBATENIBHO, OpU X € (—; —1) 1
opu x € (1; «©) pyHKIINA BO3paCTAET

y' <0 opm x € (-1; 1), cnegosarensHoO,
npu x € (—1; 1) dyuxoua yOriBaer

yA Heobxodumoe u docmamounoe
ycnoeue nocmosxcmea pynxyuu
PDyarnus f(x) nocTosHHAE HA MHTEP-
Baje (a; b) Toraa M TONBLKO TOria, Ko-
a b % raa f'(x) = 0 B xaxpaoit TouKe aTOrO
HHTEPBAJA,
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9KCTPEMYMbI
HEOBXORHMOE YCJIOBHE OKCTPEMYMA

Ecnu Xxg — Touka akcTpemyma yHkum i = f(x), To ata Tou-
Ka ABMNAETCA KpUMUNECKO( TOUKOWM AaHHOK PyHKUMW, T.€. B ITON
TouKe Npou3sogHan NMbo paeHa Hynio, NGO OHa He cyLLecTayeT.

3ameuanue. Ilpusesennoe ycn1oBze ABASETCS TONBKO KeolXo0uMoim

YCNOBHEM 3KCTPEeMYyMa, HO He SABASAETCHA JOCTATOUHBIM: KpHUTHUe-
cKag TouKa He 00A3aTeNBHO ABNAETCA TOYKOM IKCTPEMYyMA.

Mpumepst omcymemeun sxcmpemyma ¢ xpumuyecxoli mouxe x = 0:

y=|x-2x| \yt

/ x

{' He cywecmeyem

ROCTATOYMHOE ¥CJIOBHE SKCTPEMYMA

Ecnu cpyHkumna ¥ = f(x) HenpepbiBHa B TouKe Xg U NPOU3-
BoaHan [ '(xX) MeHsieT 3HaK B 3TOI TOUKE, TO X — TOUKa 3KC-

Tpemyma yHkumu ¥ = f(x).

Ecm f’(x) > Onpu x < xg,
7/(x) < Onpunx > xg,
TO Xg— TOHKa MaKCMMyMa.

Ecrm f/(x) < Onpu x < xp,
f’(x) > O npu x > xo,
TO Xg— TOUKE MUHUMYMA.

R e

3amevanue. B canoli TouKe xo NPOU3BOAHOM Yy dyuxnuu y = f(x) Mo-

JKeT He CYIecTBOBATS.
Mpumeps: SXCMPeMyMOs:

f' ne cyusecmeyem

f’ ne cywecmeyem




CXEMA NNPEMEHEHHA NNPOM3BOIHOH INJIA HAXOXKJIEHUA
HHTEPBAJIOB MOHOTOHHOCTH H 9KCTPEMYMOB

OTANBI

Hpumep
Ana GyHKINY

y=24%-8x2-86x + 5

1.

HaiiTu o6aacTs onpeaeeAus
GYHKIUM ¥ MHTEPBAJK, Ha KO-
TOPHIX (PYHKIUA HEIpEepPHIBHA.

06a. onpenenenus: R
DyEKIUA HeIpephIBHA BO

Beer ofu1. onpeaeneHus

Haittu npousBogryio f'(x).

f'(x)=6x2 - 6x — 36

Haitti xpurudyeckue TOYKH,
T.€. TOUKM, B KOTOPHIX IIPOH3-
BOAHAA PYHKHOHUU paBHA HYJIIO
MM HE CYIIECTBYeT.

['(x)=0

npu x=-2,x=3

B xaxaoM M3 HHTEPBAJOB, HA
KOTOpRIe 06/1acTh ONpeaeIeHUA
pa3fuBaeTCA KPUTHICCKHUMH
TOYKaMH, ONpeAeJnuTh SHAK
MPON3BOAHOM M XapaKTep H3-
MeHeHuA PyHKOUHU (¢ NOMoO-
HILI0 HOCTATOYHBIX YCJIOBHM
MOHOTOHHOCTH).

sHax f' + -

xapaxmep -2 3

itaMeHenuUR / \

Qynxyuu

+
-

/

. OTHOCHUTEJLHO KaXKA0H KPUTH-

JeCKOM TOUKH OmpeRenuTh, AB-
JASTCSA JU OHA TOUKOH MaxcH-
MyMa, MUHUMYMA WIH HE fAB-
JACTCH TOUKOH 9KCTPEeMyMa.

x=-2
TOUKA MaKCHIMyMAa;

x=3
TOYKA Mnnnmyma

3anucaTe pesyJbTAT MCCIenO-
BaHUA QYHKIMU: TPOMEIKYTKHU
MOHOTOHHOCTH M 3KCTPEeMYMBI.

f(x) Bospacraer npu
X € (—w; —2) u upu
x € (3; «);

f(x) ybriBaer npu
x € (—2; 3);

Xmax = =2,
Umax = [(—2) = 49;
Xmin = 3,
Ymin = f(3) = -76
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HAHWEBOJIBIIEE H HAUMEHLIUEE 3HAYEHHA ©YHKITHH,
HEIIPEPBIBHOU HA OTPE3KE

PyHKLMA, HONPEPLIBHAR Ha OTPE3Ke, AOCTUraeT CBoero HaubonL-
LLIETO ¥ HAMMEHBLLISTD 3HaYeHWI Ha 3TOM oTpe3ke Nmbo B KpUTUMe-

CKMX TOUKAX, NPVHAAIEXALLMX OTPe3KY, NMDO Ha ero KOHL|ax.
Npumepsi;

yA yA vt
A(*na)t FEmad) [ fa)y
1) A\ F(%paz) \
f(a)-—l i fla)} FEmd -+
(X i) | 1®) f(b) X
7 . i a b
F":g i b b2 R
max f(x) = f(xp,) | ToBX f(x) = [(Xpay) max f(x) = f(a)
m} f(x) = f(x,,,) min f(x) = f(b) min f(x) = f(b)

CXEMA HAXOMXIEHHA HAHBOJBIIENO H HAMMEHBIIErIO 3HAYEHHN
OYHKIIHH, HEITPEPHIBHOH HA OTPESKE

IIpuMep ana GyHKIUMN

Oranm y=2x3-38x2-386x+5
Ha orpeske [0; 4]
1. Haittu npounssopnyio f'(x). f'(x) = 6x2 - 6x — 36
2. HaiitTh Ha namHEOM OTpe3Ke f'lix)=0
KPUTHYECKHe TOYKH, T.€. TOU- npu x =—-2unnpm x = 3.
KH, B KOTopHX ['(x) = 0 mm Or
pesry [0; 4] npuHagnexuT
He CyTecTRyer. TOJHLKO OXHA
KPUTHYECKAR TOUKA: X = 3.
3. Briuncaurts sHaueHnA QYHK- f(0) = 5;
IAH B KPATHYECKUX TOUKAX #(3) = ~176;
M HA KOHIIAX OTpe3Ka. 0 = 59’
4. Vi3 BLIUMCAEHHBIX 3HAYCHMH 1[13935 f(x)=f(0)=5
BHOpaTL HaMMeHsblIee M HAH- '
Somsmeo. min f(x) = f(3) = ~76

m
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NEPBOOBPA3HAA U UHTEIPAR")
IIEPBOOBPA3HAS

®yHikuma F (x) HasbiBaeTca nepBooBpasHoi Ans PyHKLWM
f (x) va nasHoM npomexyTke, ecnu ans noboro X us atoro

npomexxytka F ’(x) = f(x).

Npuwmep. TlepBoobpasHoit ana dyuxkouy f(x) = x Ha Bceit unco-
Boit ocu siensierca F(x) = x2/2, nOCKONMBKY (xz/ 2) =x.

OCHOBHOE CBOACTBO IIEPBOOEPA3HEIX

Ecnu F (x) — nepsoobpasHas chyHkumm f(x), T0 n PyHKLus
F(x) + C, rae C — npon3sonbHas NOCTOAHHAR, Takke ABNA-
erca nepeoobpasHoi dyHkuum f(x).

TEOMETPHYECKASL HHTEPIIPETAIIHUA
y4 \/ I'padhuxn Bcex nepBooOpasHEIX JaHHOKN

/ dyaxoun f(x) nony4aorca U3 rpadpu-
~—~—/ Ka Kaxo-smbo ogHolt mepBooGpasHoi
é I% x

apajieIbHEIMI NIePeHOCAMH BAOJL
ocH y.

HEOIIPEAEJEHHLIH HHTETPAJI

CoBOKyNHOCTL BCeX nepsoobpasHbix gaHHoi dyHkuwm f(x)
Ha3bLIBAETCA €6 HEONIPEAECNEeHHbLIM UHTErpanom 1 06o3Hava-

erca If(x)dx ;

If (x)dx = F(x) + C, rge C — npousBonbHas nOCTOAHHAA.

ITPABUJIA HHTETPHPOBAHHA

Icf(x)dx = If(x)dx , re ¢ — const
[(f(x) £ g(x))dx = [f(x)dx + [g(x)dx
jf(ax+b)dx =%F(ax+ b)+C,a#0

-

*¥a6auny vHTErpasoB cM. Ha cTp. 189.




OIPENEJIEHHBIH HHTEI'PAJI

OnpeneneHHbIM MHTErpanom ot pyHKuuM f(x) Ha oTpeake [a; b)

Ha3biBaBTCA Npeaes uHTerpanbHol CyMmbl i f(€,)Ax npyu n — x,
k=l

rae Ax = b-a.

n

b n

[fe)dx = lim 3. 1(2,)A%, 7A@ & € % 1. 4] (oM. PHCYHOK)

y A
/""‘"‘\_ //
~———L —e >

;‘ ¥ E R o G T *
'ty "

CBA3b MEXAY OIPEAEJEHHAM HHTEFPAJIOM H IEPBOOEPA3HON
(®OPMY JIA HHIOTOHA-JIEABHHIIA)

Ana HenpepbiBHOW PYyHKLNUK

b
[tz = P2 = FO) - F(a),

rae F (x) — nepBoobGpaanan cyHkuuu f(x).

OCHOBHHE CBONCTBA ONPENEJEHHOTO HHTEIPAJIA

a b e b

[f(x)dx =0 [f(x)dx = [f(x)dx + [f(x)dx

b b b

I dx=b-a Icf(x)dx =¢ If(x)dx , T7ie ¢ — const

b a
[z = - [ () () £ g(0))dx =[x £ [ga)d




TEOMETPHUYECKHH CMBICJI OIIPEIEJIEHHOTO HHTEIPAJIA

Mnowaab KpUBONUHERHOW TPaneuuu,
yp e f(20) - OrpaHNyYeHHoN rpadMKkoM HeNpepbiBHOW
= nonoxurensHon Ha npomexyTke [a; b]
dyHkumm [ (x), ocuio X 1 NpAMbIMKU
x=awnx =b:

ol e I e > b
5 B S = [f(x)dx
yl\
- - _b - MnowaakL KpUBOMUHENHOM Tpaneuuw,

OrpaHuYeHHON rpacPuKkoOM HEeNPEpPLIBHON
oTpULaTenbHow Ha npomexyTke [a; b]
dyHkumm [ (x), ocbio X 1 NpaMBIMU
XxX=awx =b:

S :—]‘f(x)dx

3amevarnue. Eciu QyHKIIUA U3MEHAET
3HaK Ha npoMexyTke [a; b], To

S1 - Sa= [f(x)dx

®H3HYECKHN CMBICJI OITPEJEJEHHOT'O HHTETPAJIA

Mpy NpAMOSTUHEAHOM ABWKEHUN
nepemeLleHne S YNCNEHHO paBHO
nnowaaun KpUBoOrIMHENHOW Tpane-
; e - LUK noa rpaprkom 3aBUCUMOCTH
ESl Rt CKOPOCTW D OT BpeMeHu L.
£ iy, 1 s = Iv(t)dt '

t

v(t)
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BBIYHUCJIEHHUE MNJOIIAIEN U OBBEMOB
C IIOMOIIIBIO OITPEAEJIEHHOI'O HHTETPAJIA

y = f(x)

HJOOIAAb ®UTYPHI,

OMPaHUYEHHOM rpadhrkamu HenpepPbIBHBIX
dyrkumi iy = [ (x)n y = g (x) Takux, uto
f(x) > g(x) ona moBoro x € [a; b], rae
a v b — abeumcesl ToueK NepeceyeHmns pa-
dukos dJyHKLlMEII

S = [(f(x) - g(x))dx .

OB'BEM TEJIA,

NONYYEHHOTO B PE3yNbTaTe BpaweHua BO-

Kpyr OCU X KPUBONUHENHOW Tpanewuun, orpa-
HUYEHHOW rpaPUKOM HENPEPLIBHOW U HEOT-

puuaTensHoit pyHkumm Y = f(x) Ha oTpes-
ke [a; b]:

b
V=njf2(x)dx.

OBBEM TEIJIA,

3aKTIO4EHHOTO MeXay ABYMS NeprneranKky-
NAPHBLIMU K OCW X MAOCKOCTAMU X = @ U
x=20b:

V = ].S(x)dx ,

rae S (x) — nnowane cevyeHus NNocko-
CTbH, NpoxoasLLen Yepes Touky X € [a; b}
W NnepneHanKynapHon K Ocu X.




TEOMETPHUSA

IINAHHUMETPHA
NMPAMbBIE U YIJibl HA NNOCKOCTU
BH LI YIUIOB

/ a
Octpeiii yroa Hpamoit yron
0° <a < 90° a = 90°.
\<ON m
-
Tynoi yron PaspepuyThiii yron
90°< o < 180°, o = 180°.
&/ B
CMeXxHRE yriibl COCTABIAIOT
B cymme 180°:
BepTHKa.anbIe Yl paBHbBI. o+ B = 180°.

¥YIbl C COOTBETCTBEHHO BAPAJLIEJIBHBIMHA CTOPOHAMH

(L L 0

JIub0 paBH®I, nnbo cocrapnsoT B cymme 180°.

¥YIb C COOTBETCTBEHHO NEPNIEHANKYIAPHBEMH CTOPOHAMH

i
JIn60 paBHbI, o cocTaBAoT B cymMe 180°.
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NAPANNENDBbHBLIE NPAMbDIE

Tak HaabiBaIOTCA NPAMbIE, KOTOPbie He NepecexkaloTCs.

NMPHU3HAKH U CBOMCTBA NAPAJUVIEJABHBIX IIPSEIMBIX

BHyTpeHHKEe HAKPECT Nexammue Yl
PAaBHBIL.

CyMMa BHYTPEHHHX OBHOCTOPOHHHX
YIJIOB

paBHa 180°,

BHelliHKe HaKPECT AeXKAMMHE YL
PaBHBEI.

CyMMa BHELIHMX OAHOCTOPOHHHMX
yrioB
paBHa 180°.

CoOTBeTCTBEHHBIE YTIbl PABHEI.

b
JABe npameie,

napajuielbHble TPeThelt, napauiens-
HEL;

@lle, &lle)y = allb.

a 1

b

HABe npaAMbie, NEpNEHANKY/IAPHBIC
TpeThel, napanienbHo:

(ale, ble) = alib.




IIPH3HAKH B CBOHCTBA
INAPAJUIEJIBHBIX ITPAMBIX (mpoxosxenue)

Teopema daneca

CTOPOHHI YTJ1a,

Ecin napannesbHple NPAMBIE, TEPECEeKalomue

OTCEKAIOT Ha OHOM CTOPOHE YI/Ia paBHHE OT-

pe3ku,

TO OHH OTCEKAIOT PABHLIE OTPE3KH
H Ha ApYyroi CTOpOHE yTiIa.

BepHo ¥ o6paTHOE: €C/IH HEKOTOPEIC MPAMEIEC, HE NMEPECEKarOIMecs BHYTPH
yrila, OTCEKaloT Ha OJHOH CTOPOHE yTJIa paBHEIE MEeXAY coboif oTpesku n
Ha IPYro# cTOpOHE TOKe paBHbIe MEXIY CoOOM OTpe3KH, TO TaKHe NMPAMBIE

NapALIENLHEL,

X0

a-
¢

IlapannensHeie MPAMEIE, NEPECEKAIOIIHE CTO-
POHHI YIJIa, OTCEKAIOT Ha CTOPOHAX YIJia Mpo-
MOPIHOHANEHEIE OTPE3KH:

b
2

NEPIIEHOUKYIIAP H HAKJIOHHBIE

npoeKyusn _
HGKAOKKOU

INepnenauxynap kopoue
moboit HaKNoOHHO#, Npo-
BEACHHOM
K npAMoi
K3 TOH e TOUKH.

Y paBHBIX HAKIOH-
HRIX, MPOBSACHHLIX U3
OLHOM ¥ TOH XKe Tou-
KH, MPOEKLIHUH PABHBEI.
BepHo 1 obpatHOE:
€CJIH [TPOSKIIHM PABHEI,
TO paBHbI # HAKNOH-
HEE,

M3 AByX HAKJIOHHBIX,
NPOBEAEHHBIX H3 OA-
HOM H TOM XKE TOUKH,
Honbie Ta, y koTopoit
npoekuus Goabe.
BepHo
1 00OpaTHoe.
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TPEYTONbHUKU
NPOU3BOJIbHbLIA TPEYIONbHUK

COOTHOLIEHHUA MEXAY CTOPOHAMH

H YITIAMM
a b HepapeHCTBO TPEYrodbHHEKA
/\ JioGas cTopoHa TpeyroabHUKa
MEHbIle CYMMBI
o a T JIBYX JIPyrHX CTOPOH,
: ' . HO GosbiLe MORynA
: ¢ ' HX pa3HOCTH:

la-bl<c<a+b.

Cymma y2no6 TpeyroibHHKa paBHa
180°: o+ +y=180°.

IIpotus Gonbliei CTOPOHBI

B TPEYTOJLHUKE JEXKUT GONbrmii

yrom: b>a<g>a

Brewruii y2on TpeyronbHUKa paBeH
CYMMe ABYX BHYTPEHHMX YIJIOB, HE
CMEMXHBIX ¢ HUM:

d=a+ 8.

Teopeml KOCHHYCOB.

¢’ =’ + b - 2ab cosy.

Teopema cuuycoB:

4
a b ¢
sinag sinp siny
B / o JT0 OTHOlIEHHE PaBHO 2R,
R € rae R — pagnyc

OMHCAHHOH OKPYXHOCTH.
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MMPU3HAKHU PABEHCTBA TPEYI'OJIBHHKOB

NN

A 144

Ilo aByM cToponam
H YUy MEXAY HHMH.

Ilo ogHOM cTOpOHE
H JBYM NpHAEKALINUM
K HEH yTJiaM.

o TpeM cTopoHaMm.

NMMPHU3HAKH ITOAOBHA TPEYI'OJIbHHKOB

70\” %‘b,

IMo nByM nponopuuo-
HaJIbHBIM CTOPOHAM
M YTy MEX/Y HHMH;

A\ £

ITo nByM paBHBIM yT-
aam.

a ba,Qb,

C C,
Ilo Tpem nponopuuo-
HaJILHBIM CTOPOHAM:
a b ¢

a, ¢

CBOHCTBO NPSIMOM, [TIAPAJVIEJTBHOHN
CTOPOHE TPEYTOJBHHKA

IlpsMasn, napannensHas

OAHOH K3 CTOPOH TPEYTOIbHUKA

H NEpECEeKaloas J(Be pyTrHe CTOpo-
Hbl TPEYTOJIbHUKA, OTCEKAET Tpe-
YrOJIbHHK, NOJO0HBIA JAHHOMY.
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3AMEYATE/IBHBIE IHHNH TPEYTI'OJIBHUKA

Meouana — oTpe3ok, COeINHAIOLLHI BEPIIKHY
TPEYroJibHHKa

¢ cepeanHoit

npoTHBONEKALLCH CTOPOHBI.

Buccexmpuca — oTpe3oK, KOTOpbli cOeaquHACT
BEPIUNHY TPEYTONbHUKA

C TOYKO# Ha NPOTHBONEXKALIEH CTOPOHE U Ae-
JIKT BHYTpeHHHI yros nomnonam.

DD

Buicoma — nepneRANKYIAp,

ONYLICHHEIA U3 BEPIUHHB! TPEYTroNbHHUKA Ha
NPAMYIO, COAEPKALLYIO

MPOTHBOJIEKALLYIO CTOPOHY TPEYTO/IbHHKA.,

ed”a”
abicoma

<l

buccexmpuca

B3anmMHOe pacnosoxkenne
MeARaHbI, 6HCCeKTPHCLI H BLICOTHI

BRccexTpHRCa NEXHT BHYTPH YIiia, o6pa3oBan-
HOFO BBICOTOI U MeZHaHOM, NPOBEACHHEIMH U3
TOM K€ BEpIUNHB.

B paBHOGEAPEHHOM TPEYrONbHHKE MEAHAHE,
BuccekTpuca M BLICOTA, NPOBEASHHBIE K OCHO-
BaHHIO, COBIIAZAIOT.

Cepedunnviit nepnenOuxyanp —
npaMas, NEpneHAUKYAApHas
CTOpOHE TpeyroJbHHKa

H AeJALLas ee Nononam.

b

Cpednan aunun — OTPE30K,
COECAHHAIOLLHUA CepeanHbl
ABYX CTOPOH TPEYTOJbHHKA.
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CBOMCTBA MEJUAH

Tpu meauansl nepecexaroTcs

8 O0OHOU mouxe,

KOTOpas BCeraa HaXoauTCA eHympu
TpeyronbHHUKa

(LUeHTp Macc TPEYTroAbHHKA).

Kaxnas MeauaHa TOYKoil nepeceye-
HHS ME/IMaH JENUTCS B OTHOLIEHHH 2
: 1, cunTas OT BEpILIUHEL.

Kaxxnas Mmeanana AeNHT TPEYTOJIbHHUK HA 2 PaBHOBEJIMKHX TPEYTrOJIbHHKA
(0AMHAKOBOH MUIOLLAAH).

Tpu Meaunans! AIAT TPEYTOAbHHK
Ha 6 PaBHOBEJUKHX TPEYTOJbHUKOB.

JAHHA MeHAHBbI

m, = %Jsz +2¢% - a?.




93

CBOMICTBA BHCCEKTPHC

Tpu GBcCEKTPHCH NEpeceKaAKTes

8 OONOt moyKe,

KOTOpasn BCeraa JIeXKHT

6Hympu TpEYTOJIbHUKA.

JTa TOYKA ABIACTCA

YEHMPOM BRUCAKHOU OKPYICHOCTU.

BuccekTpHca ICIHT CTOPOHY Tpe-

YronbHHK2 HA OTPe3KH, MPONopLHO-

HaNbHEIE ABYM APYTHM CTOPOH2M:
a b

a, ¢

B A D

BHCCeKTpUCH BHYTPEHHETO ¥ BHEIIHETO YITIOB nepnenOuKyaapHyl.

Ecnu 6lcceKkTpuca BHEIHETO YIUIa TPeyrojibHUKA nepeceKaeT Mpoaonke-

BD BC
HHE NPOTHBOJEXAIEH CTOPOHE!, TO — = ——

AD AC’

Jdauna OuccexTpuchl

o
| becosy

b+e

I} = bc - be,
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CBOWCTBA BBICOT

IIpsameie, conepxxatime BLICOTHI Tpe-
opmoyenm YroJIbHHKA, NePeceKaroTes
8 OOHOU mouke. ITa TOUKA HA3bIBAETCA
OpMOYEHMPOM.
OpTOLEHTp OCTPOYronbHOTO TPEYOJib-
HHKA JIEXHHUT BHYTPH TPEYroibHUKA.
opmoyenmp
OpToUeHTp NPAMOYTONBHOTO TPEYTONb-
HHMKa
COBIIAZACT C BEPUINHOH
NIPAMOrO yTia.
L
}?f) MOoUerRmp OpTOUEHTp TYNIOYTOJLHOIO TPEYroJib-
f1 .

fl

HHMKA NIEXKHT

BHE TPEYTOJbHUKA

(Ha pHCYHKE TPEyroJIbHHK BBLIEJIEH
CEPBIM LIBETOM,

a TIPOJOJDKEHUS BLICOT M CTOPOH, 0Opa-
3YHOLHHX TYNOH YroJl, IPOBE/EHBI [TYHK-
THUPOM ).

BoicoThI TpeyrosibHHKa
0o0paTHO MPONOPLIHOHAJILHEI
€ro CTOpOoHaMm:

h h: h =

1.
~

1
e

o |

JinHHAa BBICOTDI
h, = bsiny =csin;

25 Nelp-a)(p-bp-0)

g — - .

a (7
a+b+c
> .

rae p=
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CBOMCTBA
CEPEJMHHLIX NEPNEHIHKYJISPOB

TpH cepeAMHHBIX NEPIICHAHKYIAPA [IEPECEKAIOTCH 8 00HOU mouKe, ITa
TOYKE ABJIACTCH YEHMPOM ONUCAHHOU OKPYNCHOCMIU,

B ciayuae ocmpoyzoabhozo Tpe-
yronbHHKa TOYKa NepeceueHHs ce-
PEAMHHAIX MEPHEHIHKYNAPOB
(1neHTp ONTHCAHHOH OKPY>XKHOCTH)
NIEXHUT 6Hympu TPEYroNbHHKA.

B cnyuae npavoyzonsnozo Tpe-
yrojibHHKa TOYKa NepeceYCHHA cepe-
JHHHEIX NEepneHaHKYAIpoB

(1leHTp ONMUCAHHON OKPYXKHOCTH)
cosnaoaem

C CEpeOuHoll 2unomeny3ul.

CBOMUCTBO CEPEJHHHOIO NEPNIEHAAKY ISIPA
H BUCCEKTPHCHI

4\

B cityyae mynoyzonbrozo Tpeyroin-
HHXA TOYKa NepeceyeHHsa CCpeaAnH-
HBIX TEPIICHAHKY/IAPOB

(11eHTp OTIHCAHHOH OKPYKHOCTH)
NIEXKHUT GHE MPEY20TbHUKA.

IIponomkenune GHCCEKTPHCH nepece-
KaeTCA C CepeAHHHBIM IIEPIICHIMKY-
JIApOM B TOYKe, NexKatiel Ha OKpyx-
HOCTH, ONTHCEHHOM OKOJIO TPeyroJb-
HHKa.




CBOUCTBA CPEAHEW JUHUHU

Cpennss JinHus mapaniensHa
OIIHOI U3 CTOPOH TPEyroibHHKa
¥ PaBHa €€ MOJOBUHE:

MNI|AC; MN = AC.
Ona orcexaer TpeyroJbHHK,

C noAoOHsIA JaHHOMY,

¢ xoadpdpunmnenToM nonobus 1/2.

Tpu cpenHvie NHHKH TPEYrOJIbHUKA AENAT
€ro Ha 4 paBHbLIX TPEYTONbHHKA, OA00-
HBIX JAHHOMY,

¢ ko3¢ dumenToM nonobus 1/2,

BIIHCAHHAS H OITMCAHHASA OKPY)XHOCTH

B m06oii TpeyronbHUK
MOXKHO 81UCAMb OKPYNCHOCMD.
IXeHTp BNHCAHHOW OKPYIKHOCTH —
TOYKa nepeceueHus GHCCEKTpHC.
Paauyc BnucaHHOH OKPYKHOCTH
r =38/p, rae S — NNowanb TPEyrobHUKA,
_a+b+c

2

Oxkono n1000ro TpeyroJsHIKA
MOXCHO 0nuCame OKpYyiICHOCMb.
I{eHTp OMMCaHHOK OKPYKHOCTH —
TOYKA MEpECEYCHHA CEPEAHHHBIX TIEPIICHAMKY-
AAPOB.
Panuyc onucaHHOM OKPYKHOCTH
R abe
45
rie S — Wiomaab TpEYrojlbHHKa.
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IVIOLIAAb TPEYI'OJIBHHUKA

Yepes cTOPOHY H BBICOTY,
MpOBENECHHYIO K HEil:

S=%ah‘,.

qCpCB ABE€ CTOPOHBI H YTOJI MCXKIAY
HHUMH:

i , .
S==ab .
20 sin y

®opmyaa I'epona
Yepes TpH CTOPOHBI:

S=p(p-a)p-b)p-o),
a+b+c
—

rae p =

Yepes nonaynepumerp U paguyc BIH-
CaHHOH OKpYXHOCTH:

S =pr,
a+b+c

rae p = 5

Yepes Npou3BeACHUE CTOPOH
H paauycC OMHCAHHOH OKPYXHOCTH:

bc
e =
4R




PABHOBEQPEHHbLIA TPEYIONbHUK

Tak Ha3bIBAGTCH TPEYroNbHUK, Y KOTOPOro ABe CTOPOHLI pas-
Hbl.
PasHbie CTOPOHBI HA3bIBAIOTCA GOKOBLIMU CTOPOHAMM,
a TpeTbA CTOPOHa — OCHOBaHUEM.

CBOMCTBA 1 NIPH3HAKHU
PABHOBEJPEHHOI'O TPEYTI'OQJIBHHUKA

lNpupeaeHHLI® HWKE YTBEPKASHUA ABNAIOTCA Kak CBONCTBA-
MU,
Tak 1 npuaHakaMu pasHOBeAPEeHHOrO TpeyronbHuKa,
TO €CTb ABNAIOTCA HeOOX00UMBIMU U JocmamoyYHbiMU YCNO-

BUAMM TOrO, YTO TPEYronbHUK — pasHobeapeHHbin. 310 03Ha-
yaer:

1. Ecnun TpeyronsHuk — pasHo6eapeHHbLIN, TO AN Hero
CNpaBeanuBLI 8C6 CNEAYIOWIe YyTBePKAESHUSA.

2. Ecnu ans TpeyronbHuka cnpasennueo xoms 6bi 00HO
U3 cneayiowmx yTBepXaeHui, To O — papHOGeAPEeHHbIA.

¥Yrsl 1pH OCHOBAHHH PABHAI,

() Mennana, 6uccexrpuca

H BHICOTA, MPOBE/ICHHEIC
Meduana’ 4
6uccexmpuca K OCHOBAHHIO, COBNANAIOT.

agbicoma

TpeyroibHHK umeer
O0Ch CHMMETPHH.




PABHOCTOPOHHWUU TPEYIrONbHUK

Tak HasbiBaeTCA TPEYroNbHUK, Y KOTOPOro TPU CTOPOHbI pas-
Hbl.
PaBHOCTOPOHHU# TPEYTONbHUK HA3bIBAGTCA TalKe
NPaeuU bHbIM TPEYTONbHUKOM.

CBOMCTBA H IPU3HAKH
PABHOCTOPOHHEI'O TPEYT'OJIBHHKA

| MpuBepeHHBIe HKE YTBEPKASHUA ABNAIOTCA KaK CBOUCTBA-
MW, TaK U NPU3IHAKAMU PABHOCTOPOHHErO TPeYrofbHUKA,
TO €CTb ABNAITCA HEOOGX0OUMbIMU U GOCMaMmOoYHLIMU YCNO-
BUAMU TOTO, YTO TPEYTONLHUK — PABHOCTOPOHHUA. ITO O3HA-
yaer:

1. Ecnv TpeyronbHuK — paBHOCTOPOHHWU#A, TO ANA HEro cnpa-
BEANUBLI 6CE CNEAYIOWINE YTBODXKAGHUA.

2. Ecnu ana TpeyronbHuKa cnpaeegnmao xoms 6b! 0OHO
U3 cneayiowmux yTeepaeHuin, TO OH — PaBHOCTOPOHHUMN,

Bce yrnul paBHHL.

IleHTpH BNUCAHHOH H ONHMCAHHOH OKPYKHOCTEH
COBMNAaAaloT.

(Ux paauychi: r=—2%; R=%; R = 2r.)

| Kaxnan MeanaHa copnagaer
¢ Ouccexrpucoit 1 BeICOTOH,
NpoBEACHHBIMH U3 TOM K€ BEPIIHHBL.
AN
LN

TpeyroabHuk obnanaer nogopomnoti CAMMETpHEH:
OH He H3IMEHAEeTCA

npH noBopoTe Ha 120°.
TpeyronbHUK MMeeT TPH OCH CHMMETPHH,

V3a, Via® _ 343r% = 33K
2’ 4 T4

fnmcon M ILIOIWAdDL: A =
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NPAMOYIrOJIbHbIA TPEYFONbHUK

Tak HasbiBaeTCA TPEYroNbHUK, Y KOTOPOro OAWH Yron NPSMON.
CTopoHLI, NpUnexaiuue K NPAMOMY Yrny, HasbiBalOTCA KaTeTa-
MU,

a CTOpOHa, NpoTUBONeXalas NPAMOMY YIny — FMMNOTEeHY30M.

NMPU3HAKHA PABEHCTBA
NMPIMOYTOJIbHBIX TPEYTOJIBHHUKOB

K K Ilo nBYM KaTeTaMm.

Ho oxnomy KateTy
K K R FHHOTeHyae-

Ilo xarery
H NPHISKAINEMY OCTPOMY
yray.

Ilo xarery
# NPOTHBOJIEKAIEMY
OCTPOMY YTIIy.

Ilo runorenyse
b E\\ H OCTPOMY Yri1y.
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IPH3HAKH ITOXOBHS
NPAMOYTOVIBHBIX TPEYTOJIbHUKOB

ITo oaoMy OCTpOMY yriy.

AN

Ho mponopuHOHANBHOCTH ABYX

AN
h N,
AN

ITo mMponopUMOHATEHOCTH KaTe-

I I Ta H THIIOTCHY3kI.

b\
a

TEOPEMA ITH®AT'OPA

CyMMa KBaJpaToOB KaTeToB
paBHA KBanpary THIIOTEHY3bI:

£+ b=
CrpaBeIRBO ¥ 06pammuoe yTBepxae-
HHE: ey 1St CTOPOH a, b, ¢ Tpe-
YroNbHHKA BHIMOMHAETCSH COOTHOLIE-

HHC
Frii=c

TO TPEYTOJILHHUK ABJISCTCH MPAMO-
YTOJILHBIM,

ApPHYEM CTOPOHBI a U b —

ero Karers,

a CTOPOHa ¢ — I'HIOTEeHY3a,
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COOTHOUWEHHUSA MEXAY CTOPOHAMH U YITIAMH
B MTPAMOYTIOJIbBHOM TPEYT'OJIBHUKE

sin a. = cos(9° °-a)

cosa = sin(9° °-a)

tga = ctg(9° °-a)

Do o|d a|joa|n

ctga = tg(9° °-a)

Kaxapiit kaTer sBIAETCA CpeAHUM
MPONOPUHOHANBHEIM MEXKAY TMIOTe-

HYy30#

CBOMCTBRA NPOEKIMM KATETOB

BricoTa, onylieHHas

Ha THIIOTEHY3Y, ABJIAETCH CPEAHHM
NMPONOPLUHOHANBHBIM MEXAY NpoeK-
UHAMH KaTeToB Ha THIIOTEHY3Y:

ac____ll_ 2 _
p —bc=>h =a/b,.

BricoTa BRIPpAXKACTCA HCPE3 CTOPOHBI
H NPOEKIMH KATCTOB.

h=ab_ ab

c a,+b

YACTHBIE CJIYYAH
NPIMOYTOJIBHBIX TPEYTOIIBHHKOB

H poexiueit 3Toro xarera
Ha THTIOTEHY3Y:
% .2 =>d=ac
a ¢
b ¢
¢
c”” o0, =3
7 po L
b
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OKPYXKHOCTD, BIMCAHHASA
B INPAMOYTOJIBHBIA TPEYT'OJIbHHUK

Paauyc BIMCAHHOW OKPY)KHOCTH:

po_ab
a+b+c’

_a+b-c

e

OKPYXHOCTD, OIIMCAHHAS
OKOJIO ITPAMOYTOJIBHOT'O TPEYT'OJIBHUKA
IleHTp onMCaHHON OKPY)KHOCTH
D COBNAAACT C CEPEANHON THMOTEHY3bI,
a paauyc paBeH
— [1OJIOBHHE FHINOTEHY3bI:

C
R=S
2

— MeAnaHe, NpoBeACHHOH
K THIOTEHY3e: R = m,.

ILUIOLIATb MTPSIMOYTOJILHOTO TPEYTOJBHUKA

Yepes kareTsl: S = %ab.

Yepes KaTeT H OCTPSIi yrod:

1 1
S = —a’tgh = —a’ctga .

5 gp Sy acte
Yepes runoteHy3y U 000 U3 oct-
PBIX YTJIOB:

S = écz sin 2a = %—cz sin 2 .




104

YETbIPEXYTOJIbHUKW

BHU/bl YETBIPEXYTI'OJIbHUKOB

NpOU3GOAbHBIU
Yemuvipexy20AbHUK

/apmeﬂoepaﬁm/ / mpaneyus \
NPAMOY20AbHUK |
/ pae&oﬁo}caﬂ\ ﬁf:ﬁi;w\

Keadpam

MNPOHU3BOJIbHBIM YETHIPEXYTOJIBHUK

CymMma BHYTPEHHHX YTTIOB
paBHa 360°:
o+ pB+y+3=2360°

IMnowans
(uepe3 auaroHamM
M YTon MeXIy HUMH):
g d,d, sin ¢
5
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YETBIPEXYI'OJIbHHK, OITHCAHHBIA OKOJIO OKPYKHOCTH

C

qublpexyFOJ]bHHK MOXHO OITHCATbL CKOJIO OK-

d PY>KHOCTH, €CJIM CYMMBI IIPOTHBOJIEXKAILHNX

CTOPOH PaBHBI;
atc=b+d.

EcH 4eTbIpeXyro/ibHUK ONMCaH OKOJIO OKPYX-
HOCTH, TO CYMMBI TTPOTHBOJIEKALIHX CTOPOH
PaBHEI.

a+b+c+d

Ilnowane: S =pr, TAE p = (nonynepuMeTp),

2

¥ — PAAUYyC BIMMCAHHOH OKPYXHOCTH.

@opMyna § = pr cipaBeiuBa A4 1006020 MHOTOYTOJIbHHUKA, OHHCAHHOTO

OKOJIO OKPYXXHOCTH.

YETBIPEXYT'OJBHHK, BMUCAHHLIN B OKPYKHOCTD

YeThIpeXyronbHUK MOXHO BIIUCATh B OKPYIKHOCTD, €CIIH

CYyMMa NPOTHROJISKAIUMX YIIIOB paBHa 180 a+y=p +

o = 180°.

Ecan 4eTBIPEXYTONEHUK BIIMCAH B OKPYXXHOCTb, TO CYM-
Mbl POTHBOJIEXKAIMX YIJIOB paBHbl 180°.

Teopema [IToneMen
CyMmMa npor3BReIeHHI NPOTHBROJIEXKAUIHMX CTOPOH
paBHa TIPOU3BEICHHIO AXATOHATICH:
ac + bd = d;dg .

Hnowanas
S=Jp-a)p-b)(p-c)p-d).

b d
rae p = ar ; € (monynepumMeTp).
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NMAPANNENOrPAMM

Tak Ha3biBaeTCA YeTLIPEXyronbHUK,
Y KOTOPOro NPOTUBONEXALLME CTOPOHLI NapannenbHb,

CBONCTBA M ITIPH3HAKH TTAPAJLIEJIOTPAMMA

MpueeneHHbIe HKE YTBEPKOEHUA ABNAIOTCA KaK CBOWCTBA-
MM,
TaK ¥ NPU3HaKaMn nNapannenorpaMmma, To ecTb ABNKIOTCA He-
o6x00uMBIMU U OCMamMOYHLIMU YCNOBUSIMA TOTO,
YTO YEeTLIPEeXYronbHWK — napannenorpamm. 310 O3Havaer:

1. Ecnn yeTuipexyronbHuk — napannenorpamm, To AnNs Hero
cnpaseanvebl 6Ce CNEAyIoWNe YTBePKAEHHUA.

2. Ecnu ana yetbipexyronbHnka cnpaseanueo xoms 6ol 00HO
W3 CneayloLwWwux YTBepXaeHuWH, TO OH — Mapannenorpamm,

IpoTuBONEXKalHE CTOPOHE
NONApHO PaBHLI,

' IpoTuBoaexalllne CTOPOHH
PaBHB K NapaJUIeTbHbI.

TIpoTuBonexkaume yris
TNONAapHO PaBHHI,

CyMmMa yT710B, NpHIeXalMX K

o moboit cTopoHe, passa 180°:
a+ B =180°.
B

Jdunaronanu Toukoif nepeceue-
HHA
HERATCs NMOMOAAM.
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CBOHWCTBA U IPU3HAKH NMAPAJUIEJIOTPAMMA
(npoaoJkenune)

CyMMa KBa/IpaToOB AMaroHaje#l paBHa
CyMMe KBaJpaToB
BCEX CTOPOH:

b d*+ d¥=a*+ b*+ *+ d°.

Kaxnas anaroHans JEIHT YETBIpEX-
YrONbHHK

Ha J1Ba paBHBIX TPEYroJIbHHKA.

O0e nuaroHaam AENAT YEThIPEX-
YTOJBHHK

Ha 4EThIPE PAGHOBEAUKUX TPEYTONb-
HHKa

(oaMBakoBOH NoWAnN).

Touka nepecevyeHus
JHaroHaJieH fiB/IfeTcA
LEHTPOM CHMMETPHUH.
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IJIOIIA b IMAPAJUIEJIOT'PAMMA

Yepes cTopony
b h M ONYLLEHHYK Ha HEe BHICOTY:
h : S = ah,= bhy.
a
=
a
Yepes ase NpUIeKaLUE CTOPOHDI
b U YTON MeXIY HUMH:
S =ab sina .
a
a

Yepes anarosanu
M YTOJI MEXY HUMH:
g d,d, sin @
5

CBOMCTBO IIPOU3BOJILHOIO YETLIPEXYTOJILHHKA,
CBA3ZAHHOE C ITAPAJIVIEJIOT'PAMMOM

Ecnin coeAMHUTB OTpe3Ka-
MH CEpPEANHBI COCETHUX
CTOPOH N1060ro YeTsipex-
yrojibHHKa, MOIy4HTCA
napajjeiorpamm.
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POMbB

Tak Ha3blBaeTCA NapannenorpaMMm, y KoTOporo BCe CTOPOHbI PaBHbI.

E——

CBOMCTBA H IIPH3HAKH POMBA

MNpuseaeHHbIe HWKE YTBEPKAOHUA ABNAIOTCA KaK CBOKCTBA-
MU,
TaK ¥ npuaHakammn pomba, TO eCTb ABNAIOTCA HEOOX00UMbIMU U
GocmamoyHbIMU YCNOBUAMU TOrO, YTO YeTbIPEXYFONbHUK —
pomb. ITO O3Havaer:

1. Ecnun YeThipexyronNbHUK -— poM0, TO ANA Hero cnpaseanu-
Bbl 8Ce CreAyloLne YTBEPXASHUA.

2. Ecnu ans veTbipexyronbHuka cnpaseanuso xomsa 66l 00HO
U3 CNeAYIOLNX YTBEPXKAGHUHA, TO OH — POMB.

Bce cTOpOHEL paBHEL.

JAHaroHaH neprneHARKyJIAPHEI
H TOUKO# nepeceveHun AensTca no-
nonam,

IIpameie, cogepaniue
JHArOHaNH,
ABJIAKOTCA OCAMH CUMMETPHH,

O0e auaroHaJIH SBIAIOTCA OHcCeK-
TPHUCAMH
BHYTPEHHHX YTJIOB,
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OKPY)XKHOCTD, BIINCAHHASA B POMB

B mo6oit poMO MOXKHO BNUCATD OKPYXKHOCTD.
Panuyc r BNUCaHHOK OKPYXKHOCTH YAOBJIETBO-
pseT COOTHOILICHHAM:

h

5 »
rac h — BricoTa pomba,

d

, o didy
4a

rae d; v d; — puaroxanu pom6a,
a — ero CTOpoHa.

Touxa KkacaHUs BNUCAHHON OKPY)KHOCTH AEJIMT
CTOpPOHY poMOa Ha OTpe3KH, CBA3AHHRBIE C €ro
AHAroHaNIMH

H PaanycoM BIHMCAHHOH OKPYXKHOCTH CIEAYIO-
IUMH COOTHOLICHHAMHU:

d, = 2JAH - 4B,
d, = 2JBH - 4B,

r=JAH -HB.

IUIOADb POMBA
Yepes cTropoHY H BLICOTY: S = ah.
Yepes cropoHy
¥ pagHyc BIIUCAHHON OKPYKHOCTH:
S =2ar.
Yepes cropoHy H yroi pomba:
S =d’sina.
d,d,

Yepes anaroxatn: S = 5
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NMPAMOYTONbHUK

Tak Ha3biBaeTcs napannenorpamm, y KOToporo Bce yribl
npsAMble.

CBOMCTBA H IIPH3HAKH IIPIMOYTQVIBHHKA

lNpuBeaeHHbLI® HUXe YTBEPXXAOHUA ABNAIOTCA Kak CBOACTBA-
MM,
TaK U NpU3HaKaMun NPAMOYroNbLHUKA, TO €CTb ABNAIOTCA HEO6-
XOOUMbIMU U BOCMAaMOYHbLIMU YCROBUAMU TOTO,
4TO YEThIPEXYronbHUK — NPAMOYTOSIbHUK. DTO O3HAYAeT:

1. Ecnu YyeThipexyronbHuk — NPAMOYronsHUK, TO ANA Hero
cnpapeanuBbl 6ce cneayloine yTeepxaeHus.

2. Ecnn ans vyeTtbipexyronbHuka cnpaseanneo xoms 6bi 00HO
U3 CNeaYIoWUX YTBEPKAOHUA, TO OH — NPAMOYTOSTbHUK.

JuaroHainm papHbl
H TOYKO} nepeceyeHus
JACNATCA MOMOJaM.

JlB€ CTOPOHM napaieNbHB
H YIibl, NpIIEKaIIHe
K OIHOH M3 3THX CTOPOH, IpAMBIC.

] [
’ JiBe npoTUBONEKAIUHE CTOPOHBI PaBHbl

M Yribl, NpuIexanye
K OXHOI1 H3 3THX CTOPOH, NPSMEIC.

R
IlepneHauKyAAphI K CTOPOHAM, NPOXO-
ASLIME Yepe3 UX CepellUHbI,

7 ABJIFIOTCA OCAMH CUMMETPHHU.

o
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OKPYXXHOCTb, OITMCAHHASA
OKOJIO ITPAMOYT'OJIBHUKA

Oxono mo6oro NpAMOYTOJILHHKA
MO>KHO OMHCATh OKPYXHOCTB.
Paguyc onucaiHOH OKPYXKHOCTH

)

d
R R:—’
d b )

roe d = vVa? + b* — puaroHans
MPAMOYTOILHHKA.

(

IVIOA LD ITPAMOYT'OJIbHHKA
Yepes CTOPOHBI:

S =ab.
q Yepes AnaroHanb ¥ yrol Mexmy
JIHATOHAJISMM:
b X d*siny
S=—-.
4 2
a

CBA3b MEXY NPAMOYTOJBHUKOM H POMBOM

Ecin cOeIMHUTL 0Tpe3KaMH cepeln-
HBI COCEJHUX CTOPOH nroboro mps-
MOYTIOJIbHMKA, MONY4YHTCS poMO.

Ecnu coeAMHUTh OTpe3KaMH Cepeliu-
Hbl COCEIHHX CTOPOH ar00ro pomba,
NONYYHTCA TIPAMOYTOJIBHHK.

o0
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KBAOPAT

Tak Ha3bIBaeTCA NPAMOYTONbHYUK, Y KOTOPOTO BCE CTOPOHD

paBHbl.

CBONCTBA H ITIPH3HAKH KBAJIPATA
MpuBeaeHHbLIE HWKe YTBEPKACHVS ABNSIIOTCS KaK CBOMCTBA-

MM,

TaK ¥ NpUaHakamu KBagpara, To €CTh ABMAIOTCA
HeobXx00uMbIMU U BOCMaMOYHbIMU YCIIOBUAMM TOTO,
JTO YOTbIPeXyrofnbHUK — KBaapaT. 3T0O O3HAMaer.

1. ECnv yeThipexyrofibHuK — KBaapar, TO ANA Hero cnpasea-
NVBbi 6Ce Crneaylowme YTBepPKASHWA,

2. Ecnn ans yeTbipexyrofibHvka cnpasepnneo Xomst 6b! OOHO
U3 CnegyrowvX yTBepXKaAeHWn, TO OH — KBagpar.

Bce cTopoHsl paBHBI
H CpeIH BHYTPEHHHX YTIIOB
€CTh MPAMOH YTOIl.

Jluarosaay paBHBI,
NepneHaAHKYIAPHB
H, NepeceKasnch,
JENATCA MOMOJAM.

YeToipeXyronbHHK HMeeT ¥embipe OCH CHM-
METPHH:

— NpsIMEle, NePHEeHANKYIAPHEIE CTOPOHAM H
NpoXOoAsIne

uepes uX cepeaAMHEI;

— NpAMEIE, COZICPKAIIHE AHATOHAIIH,

YeTripeXyroabHHK 001aaeT nOGOpOMHOL
CHMMETpPHEIA:
OH HE H3MEeHseTCs

Itpu noBoporte Ha 90°.
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OKPYXHOCTbB, OITHCAHHAA
OKOJIO KBAJIPATA

Oxono KBagpaTa MOXXHO OMHCATh
OKPYXHOCTb.

Paauyc onucaHHOM OKPYKHOCTH
BBIPRXKAETCA Yepe3 CTOPOHY @
KBaJpaTa ¥ ero IHaroHais 4 cie-
OYIOLWKUM 0Opa3oM:

-4 _4

22

OKPYXKHOCTb, BITIHCAHHASA
B KBAJIPAT

B xBagpat MmoxHO

BITHCATh OKPYXHOCTb.

Pannyc BUCaHHOH OKPYXHOCTH
r

paBeH
MOJIOBHHE CTOPOHBI:

r=—

> -

IVIOIIAAb KBAJIPATA
Yepes cTopoHy:
S=d.
Yepes fuaroHans:
d?
s==
2
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TPANEUUA

TaK Ha3biBa®TCA YOTLIPEXYrOfLHUK, Y KOTOPOro
ABE CTOPOHLI NapannensHl (OCHOBaHMUA),
a Ase apyrue — He napannensHbl (6OKOBbIE CTOPOHLI).
Tpaneyuus ¢ paBHeiMKU BOKOBLIMU CTOPOHAMKM Ha3bIBEETCA pas-
HO6oKOW (paBHoGeApeHHOWU, paBHOBOMHOMN).

AJEMEHTH TPAIEIIMH
b
m n
\
h
d,
IJ
a

a,b — ocuosanun (a|| b), h — svicoma (OTpe30K, COSAUHAIO-
m,n — 6oxoavie Cmopobl, mmi OCHOBaHMA
d,, d, — ouazonanu, M epIEHIHKYIAPHBIA HM),

MN —— cpeOuRR aunuR

(oTpe3ok, COeAUHAIOIMHA CepeuHR
60KOBREIX CTOpOH).

TIOIAIb TPAIIELIMHA
Yepes nosycyMMy OCHOBaHHIH
H BRICOTY:
a+b
S = h.
2

Yepes cpeaHIOIO THHHIO
H BLICOTY:

S = MN#,
Yepes AnaroHann
H YTON MEKAY HUMH:
S - dd,sing
s
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CBOMCTBA TPAIIEIIUM

Cpeausst mMHHA

napajiieibHa OCHOBAHHAM,

paBHA MX MOIYCYMME H JCIUT I1000H
OTPE30K C KOHLAMH, JIEXKALMMHU Ha IIps-
MBIX, COAEPXAIUX OCHOBaHMUsA, (HANIPH-
Mep, BBICOTY TPaneLuu) nonoiam:

MN||a, MN|| b, MN = 230

/
/

CymmMma yrinos,
npunexalux K i1boi 60KoBoH cTOpO-
He, paBHa 180°:

o+ B =180°,
Y+ 6 =180°.
TpeyronsHHKH
AOB n DOC,

o0pa3zoBaHHbIE OOKOBBIMH CTOPOHAMM
M OTpe3KaMM IHATOHAIEH, PABHOBEIIMKH
(MMEI0T paBHBIE MUIOLIATH).

h

AAOD > ACOB

Tpeyronbuuku AOD n COB,
06pa30BaHHBIC OCHOBAHHAMH
M OTpe3KaMM OMaroHasieH, nogooHs!.
Koadduumenrt nogobus &
paBEH OTHOLLEHUIO OCHOBAHUI:

AD
k=22
BC

OTHOWIEHHE MIOLIANEN ITUX TPEYTOb-
HUKOB PaBHO k.
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CBOWCTBA TPATIEIIUH (npogoskenne)

B X ¢

JI:000ii oTpe30K, COeANHAIOINA OCHO-
BaHHMA M MPOXOAALIHA
3epe3 TOUKY NEpPeceyeHNs AMaroHane
TpaneLH,
JETIUTCA 9TOH TOYKOH
B OTHOLUIEHHH
OX BC
OY AD
3T0 CIpAaBEATIMBO, B TOM YHCIE, s
CaMHX JHaroHajien
H BBICOTHI.

JDob6y10 pasrob6okyio Tpanennn MOXHO

BIKCATh B OKPYXXHOCTE.

BniucaTh B OKPYXXHOCTE MOXHO MOb-
K0 paBHOOOKYIO TpaleluIo.

Ecmm tpaneuus ABCD

onucarna OKoJIO OKPYXHOCTH,

TO Tpeyroasuuku AOB u DOC nps-
MOYTOJIbHbIE

(To4yka O — LEHTP BIIMCAHHOM OKPYX-
HOCTH).

BRICOTEI 3THX TPEYTOJILHHKOB, OIY-
LICHHBIE HA TUIIOTEHY3bi, PaBHHI pa-
JINYCY BIIMCAHHOH OKPYIKHOCTH,

a BBICOTA TpaNeuUUH paBHA THAMETPY
BITHCaHHOH OKPYKHOCTH.
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OKPYWHHOCTD

i ——

HPAMBIE H OTPE3KH,
CBA3AHHBIE C OKPY)XHOCTBIO

YIibl, CBAZAHHBIE C OKPYXHOCTBIO
YIJIOBASI MEPA N1¥YTH OKPY)XXHOCTHN

¥Yrnopoii Mepoit AyTH OKPYKHOCTH ABJIAETCA LEHTPAIBHLIN YIoJ1, KOTOPRIA

onnpaercn Ha a'rm
PAAMAHHASA MEPA YIJIA
Yron 8 0AuH paauad paseH LeHTpanbHoMy yriy, onvpaioLiie-
MYyCH
Ha Ayry, ANUHa KOTOPON paBHa Paguycy OKpYKHOCTH.
. ,\\ 1 panguan = 57°17'45",
% w 0= l pan“aﬂ

18°
% paxuaH = 180°,
T

2

%

panuan = 90°.
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CBOMCTBA BIIUCAHHBIX YIJIOB

BnncaHHBN yroa paseH NOJIOBHHE LIEHTPalb-
HOI0, OMMHPAICINEToCA

Ha TY Xe OYry:
B=>
3

Bce pIIHCAHHBIE YIIE, ONKPAIONIHECS
Ha OJHY H Ty Xe AYTY, PaBHH.

Bce BnucaHHBIE YIIBL, OMMUPAIONMIHECH HA OfHY
H TY Xe XopAay,

BEPIIHHBI KOTOPLIX JI€XaT

M0 OZHY CTOPOHY OT 3TOi# XOPAbl, PABHHI.

JIio6as napa yriop, onupaiommxcs |
H2 OZIHY ¥ TY e XOpAy, BEPIIHNHB KOTOPhIX
JIeXaT N0 Pa3sHEIE CTOPOHBI XOPAbI, COCTABIIA-
10T B cymme 180°:

o+ p = 180°.

OB E

Bce BnucaHHBIE YIVIR, ONHPAIOMHECH HA AHa-
MeTp, NpsiMLIC.
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YIIBI MEXAY XOPAAMMY, KACATEJIBHBIMH
H CEKYIIIUMHA

¢S

¥Yron MexIy nepeceKalon-
MHCS XOpJaMH:

o+p
2

-:"’F{ . B-).

¥Yron Mexay CeKyniuMH, me-
pecexaroIiUMHCS
BHE OKPYXHOCTH:

B-a

Y =5

2

¥roa Mexay KacaTeTbHOH
H cexymiei:

_p-o
Y=

Yron MexXny KacaTellbHRIMH:
B-a

2

Y = n-o.

Yron Mexay KacaTenbHO#H
H XOpaoH:

=%
L
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CBOMCTBA XOP]]

Ecau Xxopab paBHOYAQJICHBE

OT LICHTPA OKPYXHOCTH,
TO OHH PaBHBI.

EciH xopaHN paBHBI,
TO ORK PaBHOYJAJICHBI
OT LISHTPa OKPYXKHOCTH.

Bonbluas u3 ABYX X0px4,
RaxonuTcd Oauxe

K LEHTPY OKPYKHOCTH.

Haunbonsimas xopaa
ABJMETCR AUAMETPOM.

Ecnu auaMerp AenuT XOpAY nonojaam,
TO OH NMEpNEHANKYIApEH eif.

Ecau gnaMerp nepnesauKy IspeH Xopae,
TO OR JEMT €€ NOnoNaMm.

JiuHa Xopanl:

| = 2Rsin% = 2Rsin.
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COOTHOUIEHHMA MEXAY JVIHHAMM XOP/, OTPE3KOB

ACHMIO OTPEIKOB CEKY-
IueH, MPOBEeACHHOH H3
TO# e TOUKH:

AB* = AC-AD.

KACATREJIBHBIX H CEKYHIHUX
OTpesku nepecexato-
IHXCA XOpA CBA3AHK
‘ COOTHOLICHHEM:
’ / ab = cd.
<
O1pe3kH KacareiibHRIX,
NMPOBEACHHRIX
U3 OAHOM TOYKH, PaBHbI:
AB = AC.
A
C
A Ksazpat oTpe3ka kaca-
TENbHONR paBeH NMPOHIBE-

Hpou3peacHHA OTPE3KOB
CEKYIIUX, TPOBEACHHBIX
H3 OJTHO# TOYKH, paBHM:

AB-AC=AD- AE.
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CBOHCTBA JIYT U XOP[,

PaBHble AYrM CTATHBAIOTCA paBHbIMU  Jlyru, 3aKii04eHHbIE MeXAy napa-
XOpJ1aMH. JIENbHBIMHM XOP/IaMH, PaBHBI.

-

AJIAHA AYTH H OKPYKHOCTH

)

Anuua ayru: [=a r
(yroa o B paamaxax). IIHHHEIL Oszy)chocm.
= 2nr.

ILIOINAL KPYTA H ET'O YACTEH

Iowans xpyra: S = 17,

ILnomwanae cexropa: § = -;—(11'2

(yron a B pajianax).

1 :
Inowans cermenta: S = 5 (o — sin a)r?

(yron a B pagnanax).




124

B3AMMHOE PACIIOJIOXKEHHE
JABYX OKPYXXHOCTEHM.
OBUIHE KACATEJILHBIE

Ob6uwe# kacatenbHOM K ABYM OKPY>XHOCTAM Ha3biBaeTCs Nps-
Mmas,

Kkacalowancs o6enx OKpYKHOCTeN.

OxaHa OKpYKHOCTD IEKHT BHYTPH Apyroi
o R — OOIMMX KACATELRBIX HET.
PaccTosHHe MEKIY LICHTPaMH OKPYXHOCTE#R
MeHbIIle pa3sHOCTH

HX paauycoB: O4O; <R, - R,.

OIHa OKPYKHOCTE KacacTCa ApYrod H3HYT-
PH — OKPYKHOCTH HMEIOT OJJHY 001L1yI0
TOYKY M, nexaiutyio

Ha npaMoit 0,0, .

Onna ofmas KacaTenbHas g MPOXOAMT ve-
PE3 3Ty TOMKY H NEPNeHAHKYAAPHA npA-
Mol O;O) .

Paccrosnne Mexay LIEHTpaMH OKPYXHOCTEH
PaBHO Pa3HOCTH
HX paguycoB: 0,0, =R, - R,.

OxpyXHOCTH nepecexarorcs —
MMeIoT ABe 00MX Touku M U N,

Ects ae o6mHx kacarensHeiX a 1 b. Ecin
paanyCH OKpYXXHOCTEH paBHEI, TO Kaca-
TeNbHBIE NapalacAbHb,

a €C/Id paauychl He PaBHBI, TO Kacareinhb-
HBIE NEepeceKaloTcs B TOUKeE,
nexameit Ha npaMoii 0,0,

O6man xopaa MN neprneHAHKYNApHA Hps-
Moit 0,0, 1 genntea e1o nonoxaM: MN L
0,0, ; MK = KN.

PaccTosHue MeXKIY HEHTPaMH OKPYKHOCTEH
Gonblle pasHOCTH MX PaAHYCOB, HO MEHBLIE
CYMMEI

Ri-R;< 010, <Ry + R,




128

B3AHNMHOE PACIIOJIOXKEHHE
JBYX OKPY2XHOCTEMN

(mponomxenue)

OnHa OXpYXHOCTB Kacaerca Apyroif cHapy-
KM — OKPYKHOCTH HMEIOT OfHY o6my1o
TOuKy M,
aexamyo Ha npsamoit 0,0, .
EcTb TpH 06mMX KacarenbHEIX.
OnHa n3 HUX (a) NPOXOAMT Yepes
TOYKY KaCaHUs OKpYXKHOCTeH
U nepreHzuKyaapHa npamoit 0,0;.
Ecnu panaycel okpyxHocTel papHB, TO
ABe ApyrHe oOmue kacaTeabnsie (b u ¢)
napajieNbHE, 8 €CJIM PaAHyChHl HE paBHBI,
TO 3TH O61HMe KacaTeNbHble NepeceKaloTC
B TOYKe,
aexamei Ha npamoi 0,0, .

PaccrofiHne MeXy IIEHTPaMH OKPYXKHOCTEH
paBHO cyMMe HX paauycop: 0,0, =R+ R;

OnHa OKpYKHOCTb JICXKMT BHE ApPYTOIA.

Ectb YeTrIpe 00mmX KacaTe/ILHBIX: ABE U3
HUX (@ H b) Ha3BIBAIOTCA BHYTPEHHHMHU
H BCET7Ia NIepPECeKaloTCA B TOUKE, JexkKaleii
Ha oTpeske 0,0;.
Jpe npyrue obmue KacaTe/LHEE
(c 1 d) HaswiBaIOTCA BHeIHNMH. Ecan pa-
JUYCHl OKpY/KHOCTEH PaBHEL, TO BHEIIIHUE
KacaTeJIbHbIC Tapanie/IbHEL, 8 €CIH pasuy-
CHI HE paBHBI, TO BHEIIHHE KaCATC/IbHBIC
NEpPECEKalOTCA B TOUKe, Aexameli Ha npA-
MOt 0;02 .

PaccTofHue MeXy LIEHTpaMH OKPYXXHOCTEH
6onpme cymMmel X paguycon. 0,0; > Ry +
R;.
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MHOTOYI'OJIbHHKH

. M

MPON3BOJILHBIA MHOTOYTQJIBHHUK

| CyMMa BHYTpPEHHHX YTJIOB
n-yrojJlbHUKa:
al+a2+ LN ] +a"=18°°(n-2)0

CyMMa BHEIIIHHUX YT/IOB #-YTO/NBHHKA:
B, +B,+ ... +B,=36°.

CyMMa BHELLIHHX YTIIOB
He 3a6ucum or n.

Yucno N auaronaneif n-yronsHuka:

nin-3)
2

N=

Yucno K TpeyronbHHKOB, Ha KOTOPEIE pas-
GuBaeTca n-yroJbHHX AHArOHAIAMH, BHIXO-
JALMMHA W3 ONHOH BEPIIHHLL:

K=n-2
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NMPABHJIBHBE MHOI‘(;YI"OJIBHIHCH
Tak Ha3uiBaITCA MHOTOYTOfbHUKM, Y KOTOPbIX BCE CTOPOHDI

pasHbi
U BCe yrNbi pasHbl. J11060/A NpaBUnbHLIA MHOFOYTrONbHUK MOXHO

BANCATL B OKPYXKHOCTL M ONUCATL OKOSMO OKPYKHOCTH.

COOTHOLWEHUA MEXIY CTOPOHON NPABUIIBHOIO

MHOIOYIrONbHUKA
v PAOUYCAMU BAUCAHHOW U ONUCAHHOWN
OKPY>XHOCTEU
(obo3HaueHHA: @ — CTOPOHA, » — PaAHYC BNHCAHHOH OKPYKHOCTH, R —
paaryc ONMHCAHHON OKPYXKHOCTH)
ruepesa | Ruepesa | avepesr | auepesR

R=2 a=23r a=+\3R

a
TPEYroJIbHHK P = —
23 V3
KBajipaT r=% R=% a=2r a=+2R
IIECTHYTONbHHK ,2% R=a a.-.% a=R |
| n-yronsuk 8 R _|a=2rel®’ . 18°°
r= 15 -2 =g 4= rtg n a = 2Rsin
2Ag— sin —
M
MNowWAAb NPABUNBHBIX MHOIOYFONbHUKOB
yepes a yepes 7 gepes R
2 2
TPEYTONIbHHK S = */340 S = 33,2 S = 3J§R
KBajpaT S=d S = 4,7 S =2R?
WIECTHYTOBHHK S = 3\/302 S = 2432 S = 3~/§R2
a’n , . 18°° 1 *o
n-YronLHHK S=—gz |S=rntg S = — R'nsin
dtg 18" n 2 n
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TEOMETPHYECKHE MECTA TOYEK

FeoMeTp1HeckNM MeCTOM Touek HasbiBaeTca durypa, yaoe-
NeTBOpsIoWan d8yM YCrIOBUAM:

1. Bece Touku urypbl 06NanainT 4aHHLIM CBOUCTBOM,

2. Bce Touku, obnapatouwme 4aHHbIM CBOMCTBOM,
npuHagnexar aTon ¢purype.

i

HEKOTOPBIE 'EOMETPHYECKHE MECTA TOYEK HA ILI0CKOCTH

Oxpyaiciocms —
MHO€CTBO TOYEK, HaXox-
HINXCA

Ha JaHHOM PacCTOAHHH

OT AaHHOI TOukH O.

2eomempuy. 8

mo4ex

L4

=3

3
§
1~

Cepedunnulii nepnenOuUKyIsp
K OTPE3Ky ¢ KOHIIAMH B ABYX
AAHHBIX TOYKAX ~—
MHOXECTBO TOUYeK, paBHOY/Ia-
NIEHHBIX OT ABYX AAHHBIX
TOYEK.

880.3!8?”?“‘{86!608 MECMO moHex

r ‘D‘

] Odaxnan npamas [

"

’ |

ceoMempuMecKoe Mecmo mouex

Hae npamele, napannensHbie
JaHHON

H HaxopAmuecs

Ha JaHHOM

PacCTOAHUH

OT Hee —

MHOXKECTBO TOYEK, YAaNeH-
HBIX

OT JaHHOM npsaMoii

Ha JaHHOE pacCTOAHKE.
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HEKOTOPBIE FTEOMETPHMECKHE MECTA TOMEK HA IIVIOCKOCTH
(npoaomxenue)

Ipaman, napannensHas AByM
AAHHBIM MIPAMEIM

¥ HaXxoJsfIIancs

Ha OHHAKOBOM PACCTORHHH
OT HHX — MHOXECTBO TOUEK,
YAJICHHBIX OT JBYX mapall-
JIeJILHEIX [IPAMBIX HA OXHO M
TO %€ PACCTOsHHE.,

OOHA U3 08yX OGHHLIX

Buccexmpuca yera —
MHOXKECTBO TOYEK, paBHOy/a-
JIEHHBIX OT CTOPOH YTJIA.

ceoMempudecxKoe
Mecmo moyex

Hee dyau oxpyscrnocmu pag-
HbIX paouycoe

(3a HcKMIOYeHHEM KpatHux
TOUCK), ONMpAlOIIHECs Ha
NaHHuIl OTpe3oKk —
MHOXECTBO TOYEK,

M3 KOTOPHIX AaHHEIH OTPEe3oK
BHACH MOA AAHHLIM YTIIOM.




130

IIPEOBPA3OBAHHUSA ®UTYP.
BH/1bl CHMMETPHUHA

ITPEOBPA3OBAHUSA ®UIT'YP

IapanaeabHbIH NepeHoc
Bce ToukH GHIyphl cMEWAOTCH
B OJHOM H TOM XK€ HallpaBJIeHHH
Ha OIHO U TO YK€ PACCTOSAHHE.

IToBopoT
Bce ToYkH pUrypsl NoBopayKBaoTCA Ha
OZAMH H TOT XK€ yrou
BOKPYT OAHOM M TOH € TOYKH — LIEHTPa
IIOBOPOTA.

_ ,.-P"Zﬂi'eﬂmp

’
I

T
!

/

e

IlpeoOpa3oBanne CHMMETPHH OT-
HOCHTEJILHO TOMKH
Kaxxnas Touka Gpurypbl nepexoaur
B TOYKY, CHMMETPHUHYIO i OTHOCHTEIIb-
HO (PMKCHPOBaHHOM TOYKH — LIEHTpa
CUMMETPHUH.
JU1s NJI0CKOCTH 3TO Npeobpa3oBaHue COB-
najaer ¢ MOBOpoToM Ha 180°
(BOKpPYT TOH XK€ TOUKH).

IlpeoGpa3oBanue CHMMETPHH OT-
HOCHTeJ1bHO NPAMOH

Kaxnas Touka QUrypsl IEpeXOIHT

B TOYKY, CHMMETPHYHYIO €/l OTHOCHTEIb-
HO PUKCHPOBAHHOH NPAMOI — OCHU CHM-
METPHH.
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IIPEOBPA3OBAHUSA ®UT'YP (npono/keHune)

JIBHKeHHe

IIpeoGpa3zoBaHue PUrypsl,

MPH KOTOPOM PacCTOSHUS MEXIY MH0ObIMHU

COOTBETCTBEHHBIMH TOYKaMH (UTYpPbI

COXpaHAITCA.

IIpumepamu ABHXEHHM ABIAIOTCA napain-
JNeJIbHBIA NEPEHOC, OBOPOT, Npeobpaszo-
BaHHs CHMMETPHH OTHOCHTENBHO TOYKH
U NIPAMOH.

T'oMoTeTHR

Bce Touku QUryphl cCMeLalTcsa BIOJb
MPAMBIX, NPOXOIALIMX

yepe3 OOHY M TY K€ TOUKY

(LEeHTp rOMOTETHH) TaK, YTO

OA, = k- OA,,
OB, =k OB, urt. 1.

BenuunHa k Ha3biBaeTcs KO3DPHIMEHTOM
FOMOTETHH.
IIpu k =— 1 romoTeTHs cOBNanaer ¢ npe-
o6pa3oBaHHEM CHMMETPHH OTHOCHTEIb-
HO TOUKH.

Moxobue
IlpeobpazoBanue purypel,
MPH KOTOPOM PacCTOSHHA MEXIY JHO0bI-
MH COOTBETCTBEHHBIMH TOUYKAMH HU3Me-
HSAIOTCSA B OJHO
U TO Xe yucio pa3s. [Ipumep nogobus —
npeoOpa3oBaHHE TOMOTETHH.

ITnowadu nodobruix huzyp OTHOCATCH KaK KBaApaThl UX JIMHEHHBIX pa3Me-
POB (HanpUMep, COOTBETCTBYIOIIMX CTOPOH, BLICOT, MEPHUMETPOB, PaAHYCOB

M T.IL).
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BHABI CHMMETPHY OUTYP

Ilepenocuasn
DuUrypa He HIMEHACTCA
HPH NAPALICNHLHOM IIEperoCe.
IIpumep: mpAMas He U3MEHsIEeTCa npH

NapaLleBHOM ITePEHOCE
BROJb caMoOl cebs.

90°

IlopopoTran

®urypa He H3MEHAETCH MPU NOBOPOTE Ha
HeKOTOpEI# yroa.

IIpuMepH: KBaApaT He H3IMEHACTCA NPH
noeopote Ha 90° Boxpyr
CBOETro LICHTPa, paBHOCTOPOHHHH Tpe-
YTONLHHK — fIPH NOBOPOTE
Ha 120°, okpyXHOCTP — IPH NOBOPOTE
Ha moboif yroi.

CHMMETPHA OTHOCHTE/ILHO TOY-
KH
Purypa se MaMeHACTCH

NpH NpeoOpasoBaHUM CHMMETPHH OTHO-
CHUTEJIBHO TOUKH.

IIpumMepsi: napannenorpamm, rpadux
dyBEknMH Y = X" NpH HEYCTHOM 2.

CHEMMeTpPHSE OTHOCHTEJILHO Np-
moit (3epranbuan)
@urypa He U3MEHACTCA

NP 1IpeoOpasoBaHUH CHMMETPHH OTHO-
CHTEJILHO NMPAMON.

IIpumMeprl: paBHOGEAPEHHEIH TPEYTONb-
HHK, IPAMOYTONIEHHK
(mBe ocH CUMMETpPHH),
paBHOOOKas Tpaneuma, rpaduk GyHKIHH
Yy = x" npH ueTHOM A.
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ATEKAPTOBHI KOOPJTHHATBI

yA
yo ....._._.IA(xO; y ﬂ)
O. Xo %

Ocu xoopauHar:

ock X — ochk abcuuce,

OChb y — OCh OpJIHHAT.

Touka O — HavaI0 KOOPAUHAT,

Jho0oit Touke ILIOCKOCTH COMOCTAB-
JNAOTCA JBA YHcia: abcuucca xo 1

OpIOHHATA Yy,

ITH YUCIIa HA3HBAKTCA TEKAPTOBbI-
MM KOOPAMHATAMH KAHHOI TOUKH.

»} /B(xz; y)

At )]

®Y

o

PaccToAHHE MeXKAY AByMS TOUKAMH:
AB = J(xi - x2)2 + ‘J’:)2 .

»t B(x; y)
Ax,;; y,)m
) %

KoopauHars
CepeANHbl OTPE3Ka:
_X5+X
2 y
NtV
y 2 .

A(x; y)eT D(xy)

Koopaunarsl TOUKH, Jensmeli oTpe-
30K B 3aJaHHOM OTHO-IICHHH: €CJIH

AD _«a,

—_—= TO
DB a,’
o] oy
a, +0, oy + 0,
o, oy
y= »h+ 3 4
o, + 0, a, +a,
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YPABHEHMUE NPAMOM

OBIIEE YPABHEHME IIPAMON
ax+by+c=0
(xoadpduumeHTH g,b He PpaBHEI HYJIIO ONHOBPEMEHHO,

OHH SIBJIAIOTCA KOOPAMHATAMH BEKTOpa (Eb) , IEPNICHANKYIAPHOTO AaHHOH
HpAMOif).

YJACTHBIE CITYYAH

NMPAMAS, TIPOXOAAILASA YEPE3 HAYAJIO KOOPIHHAT
MOJI VI JIOM K KOOPIMHATHBIM OCSAM
(TPA®UK NPAMOI ITPONOPLIMOHAILHOCTH)

Y @z, b%°,¢c=") = ax+by="
0 4 y=-3
TIPSIMAS, TTAPAJUIETBHAS OCH X
4 @=°,b%",c%°) = by+c="
oi X =-£
b
MPSAMASL, TAPAJUIENBHAS OCH y
y (@a=°,b=",c%°) = ax+c="
> (o
0 X X=-—
a
YPABHEHHE OCH X
Y (@a=",b=",¢c=°) = by="*
y="
>
0 X
VPABHEHUE OCH y
y (@a+°,b=",¢=") = ax="
x="°
0 >




136

YPABHEHHME NPAMON
C YIVIOBBIM KO3®PHUIIUEHTOM

y=ke+b k=tga

y y
¢ >
o x 0 x
k>0npn 0° <o <90° k<0npu 90° <a < 180°
YACTHBIE CJIVYAHU
TPAOUK MPAMO NMPONOPILIHOHAJIBHOCTH
y b=0,k+0
= jx
5 y
Is) X
MPAMAS, TTAPAJUIEJIBHAS OCH X
yT k=0,b%0
> y=b
ol 2
YPABHEHUE ITPAMO#,

MMPOXOASALIEN YEPE3 IBE 3AJJAHHBIE TOYKH
0=y -x)=(x-x)¥; - »)
Eciu x; # Xy, ¥, # Y5, 370 ypas-
HEHHE MOXXHO 3aITHCATh

y-y, x-x

Yo =¥ %%

B BHAC

YPABHEHHE NPAMON B OTPE3KAX HA OCSIX

x Y

i L A
(O,b) a+b

O} (a0 * @z’,bz")
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B3AMMHOE PACHOJIOXKEHME JIBYX ITPAMBIX, 3AJAHHBIX OBILIUM
YPABHEHHEM ITPAMORN

l].' alx+b1y+cl=0; 12.' a2x+b2y+c2=0

COBIMAJAIOLLIHE ITPAMBIE
Jns xoagpdunued- g NpoU3BOIBLHLIX

y T | T0B a, b, ¢;, oMY~  KO3pPUIHEHTOB
HEIX OT HYJIA: a, b, ¢;:
> a b ¢
X _=b_=_ a\b, = a b,
a, 2 G
a,C; = a,c,
a\b, = a,b,
a,c, # a,¢,

a,b, # a,b,
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B3ANMHOE PACIIOVIOKEHHE JIBY X MTPAMbIX, 3AJAHHBIX YPABHEHHEM
nPIMOH
C YINIOBBIM KOYOOHIHEHTOM

L y=k1x+b1; h: y=k2x+b2

COBIMAHAIOLUME NPAMBIE

y?% b=k
2

TIAPAJUIEJILHBIE TPAMBIE

k| = kz
b] #bz

ITEPECEKAICIIHUECA ITPAMBIE

l’ lz k] #ky

TNEPIIEHAHKY JIAPHBIE TIPAMbBIE

k|k2 =-1
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KOOPAHHATHI TOUMKH IIEPECEYEHHA ABYX IIPAMBIX
Lh: aix+bhiy+te=0; L aax+by+c2=0
HIIH
h:y=kix+b; h:ry=kx+b

ABJISIIOTCA PEIICHHEM CHCTEMBI YPaBHEHMIA:

{alx+b,y+cl=' {y=k1x+b,
y4 1, 1 ax+by+c,=" y=kx+b,
OTKyZa OTKyZa
w=bG-ba | _b-b
> ab, — ayhy k -k,
x| oaa-eg |, kb, - kyby
aib, - a,b, k, -k,
YPABHEHHE OKPYXHOCTH
yT C uenTpoM B Ha4asle KOOPAHHAT:

F K% x2+y2=R2
>

C uentpoM B TouKe (Xo; Yo):
(x-x) +(@-y) =R?
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BEKTOPBI

Tak Ha3uLBaIOTCH BeNUHUHBLI, KOTOPbIe XapaKTepuayloTcs Yuc-
FIeHHbIM 3HauYeHUeM U HanpasneHwem. Ha yepTexax BeKTopbi
U305paXaloTCA B BUAE HaANPaBNeHHbIX OTPe3kos. [InuHa oTpes-
Ka HasbiBaeTca mogynem (aGCOMOTHON BENNYMHON) BEKTOpPA.

—

OBO3HAYEHHSI BEKTOPOB

/ a v AB,
B rie A — HaJano BeKTopa,
/ B —xoHe1 BexTopa.

A

O6o3Hauenme moxyns: |a| win| AB |.

HYJIEBO BEKTOP
Tak Ha3biBaeTCA BEKTOP, KOHEL, KOTOPOro CoBnanaeT C Ha4anom.
Ha yepTexax Takon BexTop u3obpaxaeTcA TOUKOW W 0603HANABTCA

0. Moaynb HyNeBsoro BeKTopa paeeH Hynio,
a ero HanpaeneHue He onpeaenexo.

KOJNJIMHEAPHBIE BEKTOPbDI

Tax Ha3bIBAIOTCA BEKTOPbLI, Nexaliue Ha ogHou NPRMON
WNK Ha NapannesnbHbiX NPAMbIX.
(Hynesoit sexTop CYUTaeTCA KoNNUMHeapHbIM NIOG6oMy BeKTOpY.)

BHJIbI KOJUIMHEAPHBIX BEKTOPOB

COHANPAaBJICHHBLIC NPOTHBONONOKHO HANPABJICHNBIC
y /‘.——"
paBHbie DPOTHBONOJIOKHbIE

==5 G=r
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JENACTBHAA HAJl BEKTOPAMH
CIOXEHHE IBYX BEKTOPOB
npasuso _
MpeyeonbHuKa g b CyMMa IBYX BEKTOPOB HAXOAMUTCA
¢ MOMOILIBIO
- NPABHJIA TPEYTrOJbHHKA
¢ KM NPaBHAA NAPAANENOTPAMMA:
c=a+b
— ,*° npaeuno
b\ .~ napaaeroepamma
B Hnsa moBSeix Tpex Touek 4,B,C crpasen-

JTMBO COOTHOIICHHE:
c AB + BC = AC

CJIOXXEHUE HECKOJIBKMX BEKTOPOB

CyMMa HECKOJIBbKHX BEKTOPOB HAXOIUT-
CA AHATIOTHYHO
CYMMe IIBYX BEKTOpOB
C IOMOIIBIO MPABHJIA MHOTOYTI0/hb-
HHKA,
- = KoTOpOe ABiIAeTcs obobmennem npa-
d=a+b+c¢ BUJIA TPEYTOJbHHKA.

BBIMUTAHWUE BEKTOPOB

Pa3sHOCTh IBYX BEKTOPOB
a u b — aroBextop C,

KOTOpbIi B CyMMe ¢ BeKTOpOM b
JaeT BEKTOp @ :

b+c=a = c=a-b.

BekTop ¢ MOXHO HaiTH TaKKe, CKIa-
JBIBas ¢ BEKTOPOM 4

BeKTOp — b , NPOTHBONONOXKHSLI BEXTODPY
b:

c=a+(-b)
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JEACTBHUA HAJl BEKTOPAMM (npoaoikenue)

YMHOXEHHE BEKTOPA HA YHCJIO

IIpouaseeHue BexTOpa @
Ha YMCHO A — 3TO KOJIMHEApHEI
eMy
BEKTOp Ad , COHAMPABIEHHHIH
¢ BEKTOpOM & , ecin A > 0,
H HanpapjeHHBIH MPOTUBOMONOXK-

HO eMy,
ecnu A <0,

Moayns BekTopa AG YAOBIETBO-
PAET COOTHOIICHHIO:

|Aa@]=|AHa].

CKAJIAPHOE YMHOXEHHE BEKTOPOB

CkanspHoe npouspesicHne g b Bexropos @ u b — 310 YucHO, paBHOE
ApOH3BENCHHI0 MOXYIIeH BEKTOPOB Ha KOCHHYC YIJIa MEKIY HUMM:

E-b_=|ﬁl-|5|-coscp.
Monynb BeKTOpa |E|=J?i-—5=w/t7_2.

a _
P a a A ——g
T melie. - - b
b . b
0° < @ <90° @ =90° 90° < ¢ < 180°
a-b>° a-b=" a:b<’

L _ _ — e
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KOHL@ U Hayana seKTopa.

i

KOOPIHHATBI BEKTOPA
KoopanHatamu BeKTOpa Ha3bIBalOTCR Pa3HOCTH KOOPAUHAT

HA THIOCKOCTH

l\a( I Sp——

KoopauHare BeKTOpa
a(a,;a,):

ay =X2—X),
ay =Y21— N

Moayns Bexkropa

| = a2 + a?

B MMPOCTPAHCTBE

-

Koopausathel BekTopa
a(a,;a,a,):

Q= X2 — Xy,
aQ=y:-N
a,=z3—2,

Moayab BekTOpa

[E]:Ja§+af,+a§

nepexoce.

KoopanHaThl 8eKTOpa HEe UIMEHSIOTCA MPU NapannenbsHOM

Y paBHbIX BEKTOPOB COOTBETCTBYIOLNE KOOPAUHATL! PaBHb.




JENACTBHUS HAJI BEKTOPAMH
B KOOPIHHATHOM IIPEACTABJIEHHH

HA IINIOCKOCTH B ITPOCTPAHCTBE
CJIOXXEHHME BEKTOPOB:
c=a+b
G=a,+b, c,=a,+ b,
¢y =a,+b, ¢, =a,*b,

c.=a,+b,
BBIYMTAHHUE BEKTOPOB:
c=a-b
C = ay— b, Cx =a,— b,
=a,- b, =a,—-b,
c =a,— b,

YMHOXXEHUE BEKTOPA HA YUCJIO:

b =\a
bx = Mx bx = Mx
b,=Aa, b,=Aa,
b,=Aa,

CKAJIIPHOE YMHOXEHME BEKTOPOB:
s=a-b

s =ab, + ab s = ab, + ab, +ab,
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B3AMMHOE PACITIOJIOXKEHHME BEKTOPOB

YIroan MEXAY BEKTOPAMU
B KOOpPAMHATHOM HNpeaCTABICHHH:

a
¢ Ha IUIOCKOCTH:
— ab +ab
b COSQ = ——2t— V¥
2, 2 , 2 . 52
KoCHHYC yT/1a MeXay BeKTo- VO: + @y by + b
PaMH HaXOAHTCA B IIPOCTPaHCTBE:
H3 COOTHOMIEHHA ab +ab, +ab,

~ COSQ = it L L
coscp=|af|.|%|. 1}a§+a,’,+a,_’- b + b} + b?

[IEPTIEHAWKY JIAPHBIE (OPTOI'OHAJIBHBIE) BEKTOPSI

“A B KOOpAMHATHOM NpeaCTABJCHHM:
a
Ha MIOCKOCTH:
3 > ab, + ab, =0,
B IPOCTPaHCTRe:
CkansapHoe npousnfenenne ab, + ab, + ab, = 0,
PaBHO HYJIO:
a-b=-
KOJUTHHEAPHBIE BEKTOPBI
a B KOOpIHHATHOM NPEeACTABJCHHH:

KOOPAHUHATBI BEKTOPOB NPONOPYUOHANRBHDYL,

b
/ TO €CTb YAOBJIETBOPAIOT COOTHOLICHUAM!

Ha ILTOCKOCTH: a.b, = a,b,,

/ ( b 0,10 2 = 22y
3 €CiIn g, 0; Y, b b

/

Monynb ckanspHoro mpons- npocTpancTBe: a.b, = a,b,
BeJIeHHS BEKTOPOB PaBeH D, = ab,
TPOH3BEICHUIO 2 a

|35|=|5||5| b, b, b
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PAJIOJKEHHE BEKTOPA HA INOCKOCTH
1O JBYM HEKO/LUIHHEAPHBIM BEKTOPAM

Ha nnockoct moSoit BekTop €
MOXXeT OBITh NPEACTaBICH
B BHIE CYMMB! JIBYX BEKTOPOB, COOT-
BETCTBEHHO KOJUTHHEAPHEIX JBYM
3aJAHHEIM HEKOJUTHHEADHHIM BEKTO-
pam @ u b :
C=Aa+pb,
rae A U\ — 4yMcna.
Taxoe npeacTasieHHe Ha3EIBRETCA
pa3dioKeHHEeM BEKTOpa IO ABYM 3a-
OAHHBIM BEKTOPaM.

Pa3noxuTs BeKTOp
Ha MJIOCKOCTH NO ABYM 3G0GHHbIM
HEKO/IHHEaPHBIM BEKTOPAM MOXKHO
eodurcmeernsim o0pasloM.

A<0, p>0

m

PAVIOXEHHE BEKTOPA B IPOCTPAHCTBE I10 TPEM
HEKOMIIJIAHAPHBIM BEKTOPAM

(KoMnnaHapHbiMW Ha3biBaIOTCA BEKTOPbI,
napanfnienbHbie OAHON U TOM Xe NNOCKOCTH)

B npoctpaHctse moboil Bextop d Mosker SbiTh MpeACTaBIEH B BUNE CYMMBI
TPeX BEKTOPOB, COOTBETCTBEHHO KOIHHEAPHEIX TPEM 3aJaHHBIM HEeKOMILTa-

HapHbLIM BeKTOpaM @, b M C:
d=)\a+pb+ve,
roe A, 4 1 v — YHcIa.

Taxoe MPEeACTaBJICHNEC Ha3hiBACTCA Pa3IOKCHHEM BCKTOpa
o TpEM 3aaHHBIM BCKTOpaM.

Pa3n0xuTh BEKTOp B NPOCTPAHCTBE NO TPEM 3A0AHHLIM HEKOMIUIAHAPHEIM
BEKTOPaM MOXHO eouHcmeenHbiM 00pas oM,
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PAJIOKEHHE BEKTOPA
IO KOOFPAUHATHBIM BEKTOPAM

KoopauHartHbie BeKTOpbl (OpThi) HanpasneHbl BAONb OCON KO-
opavHar. Moaynu aTux BeKTopoB pabHb! 1.

0O60o3Ha4eHNs KOOPAUHATHEIX BEKTOPOB!
HA NJI0CKOCTH

B NPOCTPAHCTBE
i %), jC: D i %%, JC 5 ), kC; %5 1)
HIIH WIH
& *), C; D a; *; %), 5C; %), &¢; %5 D
A
’;‘j Py

[N
et

I
_k}

. . i o4 —
0 i1 2 3x /O 12
X,

Jli060ii BEKTOp @ MOXHO PaIOKHTH SAHHCTBEHHBIM 0GPa3zOM
10 KOOPAHHATHLIM BEKTOPAM:

Yoy 1

a=ai+a,j

a=ai+a,j+ak

KoadduunenThl paznoxeHus g; ABIAIOTCA
NPOEKLHAMH BEKTOpPa 4 Ha OCH KOOPJMHAT.
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CTEPEOMETPHA

IIPAMBIE 4 IIJOCKOCTH
B IPOCTPAHCTBE

CITOCOBBI 3AJAHHMA TOYKH
Touka B NPOCTPaHCTBe OAHO3HAYHO ONPEAeNABTCH:

a,
A

e

JAByMs nepecexarouiHMUCH
NPAMEIMH.

HepecekaionuMuca mpaMon u
MLNOCKOCTBIO.

< S

TpeMsa NONapHO MepeceKaroUMMUCA IOCKOCTAMH,
€CNH NpAMBIE NEPEecCeueHN TUIOCKOCTeH MepeceKkaloTcs.

CITOCOBBI 3AIAHHUA NPAMON
Mpamas 8 NPOCTPaAHCTBE OAHO3HAYHO ONPEAensAeTCs:

JBYMS TOUKaMH. JByMs nepecexalouMHCA
IUIOCKOCTAMH,




148

CIIOCOBbI 3ATAHMA IIJIOCKOCTH
MnockocTe B NPOCTPAHCTBE OQHO3HAYHO onpeaenseTcs.

oB Tpemsa TOYKaMH,
« He JexKalHMHU
'z Ha OJHOH HpAMOH,
oC
o HABymA

nepeceKaoNMUCA IIPAMBIMH.

o Asyms
_a - NapaLenbHEIMK NPAMbIMH.
b ——

IipaAMoii H TOUKOIA,
o .A He nexaieil Ha Heid.
/
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NAPANNENBHOCTb NPAMbIX
U NNOCKOCTEM

HAPAJLJIEJIBHBIE ITPSAMBIE

Tak Ha3bIBAIOTCA NPSAMBIO, KOTOPLIEe NEXAT B OAHON MNOCKO-
cTH

1 HE NepeceKainTcA.

MPH3HAK MAPAJUIEJIBHOCTH TIPSIMBIX

Jpe npAMBbIe, ApaJICIbHBIE TPETh-
e,
napamnenbHel Mexay coboit:

@lle, blle)y = alld

IHAPAJVIEJIBHBIE ITPAMAS H INIOCKOCTD

MpaMan U NNOCKOCTL Ha3biBaKTCA NapasienbHbIMuU,
eCcnu OHU He NepeceKaloTCA.

MPH3HAK IMAPAJUIEJIBHOCTH MPAMON Y TNTOCKOCTH

Ecnu npaMmas, He MpuHaIexalias NaHHOH
/ MIOCKOCTH, mapaiielibHa OAHOM K3 Nps-
- MBIX 3TOH IIOCKOCTH,
TO OHA MapavIebHa
3TO# INIOCKOCTH:

(blla, beza,aca) = b|a.

CBOUCTBO MPSIMOMN, MAPAJUIENILHON JAHHOM NMNOCKOCTU

JIioGas niockocTh, NpoXo/diIas depes
M/

NIPAMYIO NApaIENbHYIO NAHHOH IIOCKO-
( o / CTH, JIH60 MapaiienbHa ITOH NIOCKOCTH,
1100 nepeceKaer ee 1o NpAMoit,

(/,-—-—j napayiebHOA AaHHOH rpsMoi:
b
s (b<B, blla) = plla mmm allb.
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MMAPAJLIEJIBHBIE ILIOCKOCTH
Tak Ha3bIBaAKTCA NNOCKOCTH, KOTOPbIE HE NePeCeKalTCA.
TIPH3HA KM NMAPAJLIEJBHOCTH IVIOCKOCTEHR
Ecnu aBe nepecexaolnecs NpaMale
M / Of(HOi MIOCKOCTH COOTBETCTBEHHO

RApaienbHL ABYM NEPECeKalouM-
€A NPAMBIM APYTOH MIOCKOCTH,

/{>< / TO 3TH MJIOCKOCTH NAPAIENbLHBL:
2 2 (alla, bl|b) = al|B.

Ecnn xaxaas u3 AByX AAHHBIX MAOC-
/ / KkocTell napaiensHa TpeTbedi mioc-
KOCTH,
/ / TO JAHHEIE BE MIOCKOCTH Mapai-

NeNsHE MeXAY coboii:

A / @lly, Bllv) = «lip.

CBONCTBA NMAPAJLIEJbLHRIX ILIOCKOCTENA

Ecnn aBe napa/uieNIsHEE MIOCKOCTH
NIEPECEKAIOTCH TPEThEH IUIOCKOCTDIO,
TO JIMHUH NepeceueHus MIOCKOCTEH
napajUleNbHLL:

allp = allb.

OTpe3ku NapaleNbHHIX NPAMBIX,
3aKII04YEHHBIE

MeXAY ABYMS NapajUiebHbIMH
NJIOCKOCTAMH, PABHHI

(o ||B, al|lb) = AB =CD.
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NEPNEHANKYAAPHOCTb NPAMbIX
U NNOCKOCTEMN

NEPTIEHAUKYJSIPHOCTD MMPAMBIX

[lee npAMble Ha3LIBAIOTCA NEepReHAUKYIAPHLIMA,
©CIU OHU NepeceKaloTCs NOA, NPAMBIM YTTIOM.

MMPU3HAK NMEPTIEHIRKYIIAPHOCTHU MPAMbBIX

JBe nepeceKalolnecs npaMbie, na-
A # 2 4 / PAJLIENbHEIE COOTBETCTBEHHO ABYM

NepneHANKYIAPHEIM NPAMBIM, Niep-

NEHIHKYIAPHEL:
A; b B / (allby, a)|lby, ala)) = bib,.

MEPIIEHIHKYJISPHOCTD IIPSMOH H ILNIOCKOCTH

Mpaman, nepecexkaowlan nNoOCcKoCTb, HabiBaeTCsA NepnexHan-
KyNAPHON 3TON NNOCKOCTH, €CNY OHa NepnesankynapHa noboi
NPAMON, NpUHaAneXalen NNOCKOCTU
W NpOXoAanLWLeiA Yepes TOUKY NepeceveHmns,

MPHU3HAK NEPTTEHAUKYJIIPHOCTH IPAAMOH U IVIOCKOCTH

Eciu npaMag nepreHAUKY/SIpHa IBYM nepe-
CEeKAIOLMMCA NPAMBIM JaHHON NJIOCKOCTH, TO
OHa NEPNEHAHKYMAPHA 3TOH MIOCKOCTH:

a (aldbualc)=>ala.
v

a

TIPAMBIE, TEPIIEHTUKYJIAPHBIE IVIOCKOCTH

JBe npsiMbie, NEPNEHAHKYIAPHBIC OXHON H
| TO# e IIIOCKOCTH, NApAIENBHH.

Ecnu ofiHa U3 ABYX NapaUICIBHBIX NPAMBIX
% % NepneHanKyAApHa AaHHOMK MIOCKOCTH, TO H
/ | ' Apyras npsaMas nepneHIuKyaapHa 3To# nioc-
KOCTH.
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MPAMAA, NEPTIEHAUKY JIAPHAA TLIOCKOCTAM

Hpamas, nepneHAHKYIApHas

ﬁ{// OJIHOH M3 IBYX MapanfienbHbIX MNOCKOCTENH,
|

NEPIECHANKYISPHA

M IpYro¥ MIOCKOCTH.
/ W JBe MmI0CKOCTH,
NEPIEHANKYNAPHbBIE

OIHOM U TOM Xe MPAMOH, NapaienbHbI.

MEPIIEHAUKYISIPHOCTD INTIOCKOCTEN

MepecexaowWwmnecs NNOCKOCTH HA3bIBAIOTCA NepneHanKynap-
HbIMM, €CNU TPETLA MNOCKOCTb, MEPNEHAUKYNSPHAA NPAMOW
nepeceveHud 3TUX HHOCKOCTEFI, nepecexkaert nx no nepnesgu-
KYNSAPHBIM NPAMbBIM.

mpembs
RAOCKOCMb

alf

MMPU3HAK MEPIIEHAHKYJIAPHOCTYU IUIOCKOCTEH

[1nockocTd NepneHAUKYISAPHBI,
€CJTH 0JiHa U3 HUX COAEPKHT NEPNEHIANKYIAD
K IPYT'OHA MIOCKOCTH:

/“ B (acanalB) = ol p.

CBOUCTBO NEPMEHAWKY ASAPHBIX [IOCKOCTEN

Ecny n010CKOCTH NEPNEHAHKYISPHBI,
o TO MpsAMasn, JeXallad B ONHOH M3 HHX
a U NeprnieHAHKYIApHas JUHAN NepecedeHus
TUIOCKOCTEH, NEpNeHAUKYIspHA APYroi nioc-

/ . b y KOCTH:

(o Lppaconal b) = alp.
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NEPINNIEHAUKYJISIP 1 HAKJIOHHBIE

Iepnenauxynsp kopoue
n000H HaKIOHHOI,
NPoBEACHHON K MIOCKOCTH
H3 TOM e TOUKH.

Y paBHBIX HAKIOHHHIX, MPOBEACHHBIX

K IVIOCKOCTH H3 OXHOM TOYKH, NPOSKLIHY paB-
HEI,

Cnpasennnso 1 o6paTHoe: eciiH Y ABYX Ha-
KJIOHHBIX, MPOBEACHHbIX U3 OXHOH TOYKH,
TIPOEKLINM PABHLI, TO P2BHBI M HAK/IOHHBIE.

W3 gByX HaKIOHHBIX,
NPOBEACHHKIX H3 OXHO
TOUKH, Oonbilie Ta,

y KOTOpOii NpoeKuus Gonbiue.
CnpaseanuBo u obpatHoe.

s

TeopeMa 0 Tpex NepneHARKYJIAPaX
(corepXuT d6a yTBEPXACHUS'
npsiMmoe ¥ obpaTHOe)

Ecnu npaMasi, nexallas B IIOCKOCTH

M MIpOXOASLIas Yepe3 OCHOBAHHE HAKIOHHOI,

MEPEeHANKYISPHA MPOEKLMKY HaKIOHHOM,

TO OHA NEPIICHANKYAPHA

H caMoil HaKIOHHO#.

Ecnn npsimas, iexcallias B NIOCKOCTH
H MPOXOIAILAA Yepe3 OCHOBaHHE HAKIIOH-
HoH, MepNeHANKYIAPHA HaKIOHHOMN, TO OHa
MepneHANKYJIAPHA H MPOEKLMH HAKJIOHHOM.
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CKPEINMBAIOUHECH ITPAMbBIE

Tak Ha3LIBaOTCA NPAMbIE, KOTOPLIE He NeXaT B OQHOK NNoc-
KOCTH
(TO eCTb He NapannenkHel U He NepecexKalnTCA).

MPU3HAK CKPELIIMBAIOLIIUXCA NMPAMbBIX

Ecnu oaHa u3 a8yX JaHHBIX NIPAMBIX niepece-
Ka€T IUI0CKOCTh, B KOTOPOH NIEXKHT Apyras
NpAMas, H TOYKa [lepecedeHHA NpAMoii B

/ NIOCKOCTH
] He NPHHALJIEKHT APYTOH NpAMoi,

TO JAHHBIC NPAMbIC CKPCIIHBAIOTCA.

PACCTOAHUE MEXY CKPEILLIUBAIOLUMHCA NMPAMBIMH

Yepes aBe CKpEIHBAIOLIHECH NPAMBIC MOXKHO

\ /: TIPOBECTH JBE NapALIebHEE IOCKOCTH

(eouncmeenrvim obpaszom).

Paccmonruem MEXIY CKPEILIMBAIOIMMHCA
NPAMLIMH Ha3bIBAETCA PACCTOSHHUE

\\ \ MEXAY 3STHMH INTOCKOCTAMHA.

OBLL{MH NEPTIEHAMKYJIAP K IBYM CKPELLMBAIOLLAMCS MMPSMBIM

Tak Ha3bIBaeTCs OTPE30K, NEPNEHAKKYIAP-
HbI# K&OKXOH H3 ABYX CKPELIHBAIOLINXCA NpA-
obuuil MEIX, KOHLIbl KOTOPOTO JIe)KaT Ha 9THX NpA-
nepnenouxyanp MhIX,
Janna ofniero rnepnenauKynspa paBHa pac-
CTOAHHIO MEXKAY CKPEIMBAIOLUIHMHCA Nps-
MEIMH,

YIoJl MEXAY CKPELUBAIOUIMMUCA TTPAMBIMHA
Tax Ha3bIBaeTCA Yol MEXIY NEepeceKalot-

\* M \ MHCA MPAMBEIMH, COOTBETCTBEHHO NapasLieh-
s HBIMH

ABYM NAHHBIM CKPELNBAIOMIMMCSH TIPAMBIM.

\ - s \ (OnHa 13 YNOMAHYTHIX NEPECEKAIOIMXCA
NPAMBIX

MOXET COBNANATD

¢ OOHOMN U3 CKpEIHBAIOIIKXCH. )
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YIJlbl B MIPOCTPAHCTBE

YO MEXAY NPAMON U TNTIOCKOCTBIO

/ Tak Ha3bIBaeTCA Yroa MEXAy NPAMOH
H €€ NpoeKLUe#i Ha MI0CKOCTb.

JBYTPAHHBIN YIron

Tak na3oiBaeTcA durypa, o6pasoBaHHas IBy-
MA [0JYIIOCKOCTAMH

c oblile#i orpaHy4MBaKOlIeH X NpAMOi (3Ta
psaMasi Ha3bIBaeTCA

peOGpoM ABYTPaHHOIO yIJia).

JIMHEHHbBIN YT'OJi ABYTPAHHOIO VIJIA

Tax Ha3pIBaeTCs Yroji MeXAY ABYMs JIY4aMH,

o0pasyrommumuc

[pH nepeceyeHHH IBYTPAHHOTO YTJIA ILUIOCKO-

CTbIO, NEPIEHANKYAPHOMN peOpy ABYTPaHHO-

o yria.

Mepoi ¢ IBYrpaHHOTO YIJIa ABJIAETCSA MEpa
COOTBETCTBYIOLUETO EMY JIMHEHHOTO yria: §°
<@ < 180°.

YI'GJI MEXAY IUTTIOCKOCTAMHA

JBe nepecexaoInecs MIOCKOCTH ONpeacs-
10T 4eThipe ABYrparHbIX yria. CyMMa ABYX
TAKHX YTJIOB, MIMEIOLIMX OOLIYIO rpaHb, paBHa
180°. YriaoMm Mexay NIOCKOCTAMYU HA3bIBAIOT
MEHBILH#H U3 ITHX YTJIOB:

0° <@ < 90° (Ecnmn ¢ = 90°, mimockoctH
MepIteHAHKYIAPHBI. )
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NMPA3IMA

Tak Ha3biBaeTCA MHOFOMPaHHWK, ABe rpaHu KOTOPoro (OCHO-
BaHlﬂﬂ) — paBHble N-YronbHNUKW, NeXallue B napannenbHbIX

NNOCKOCTAX,

a ocTanbHele n rpaHei (bokoBble rpaHn) — napanesnorpaMmmol.
Mpusma HasbiBaeTCA NPAMOR, ecnu Bce ee Bokosbie pebpa
nepnexsauKynspHbl oCHoBaHuAM. Npuama HasbiBaeTcs npa-

BUMBHOMW,

€CInN OHa nNpaMan u ee OCHOBaHUA — NpaBUuNbHbBIE MHOTO-

YTONbHUKHK.

nepneHoUKy1apHoe
cederue

Haknonnas npuama

egwvicoma

1
1
1
1
L.

o ————— = ——

Y
\
ra

Fa

Y

L
\

[IpsaMas npu3ma

IVIOMIAAL MOBEPXHOCTH H OBBEM IIPU3MbI

Haxnouuas NpHiIMa

Ilpaman npHimMa

bokoBas _ _
Sﬁolc - Pce-l'la Sﬁox - Pocu'Ha
MOBEPXHOCTE | phe P,., — nepUMeTp nepreH- | rae Pog, — NEPUMETP
OUKYJAPHOIO CEUYECHHA, OCHOBAHHSA,
! — nnuHa 60koBOrO pebpa H — BrICOT2
Honuas STIOHH = Sﬁox +2.. -'Socn Snoml = Sﬁox +2... 'Socu
NMOBEPXHOCTH
O0BeM

V= Sceq'ls
e Seey — IUIOIIAAL MEPIIEHAH-
KYJAAPHOTO CeUEHUH,
! — 6okoBoe pedpo

V= Socn'H
rae Syox —— IIomanh
OCHOBaHHS MMPU3MBI,
H — BricOTA
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IIAPAJUIEJIEITHIIER

Tak Ha3biBaeTCs NpUaMa, OCHOBaHUA KOTOPOI — napannerno-
rpamMmbt.

Bce rpalu napauiesnenunens — napajiie-
JIOTpaMMHI,

ITpoTHBONEXKAlME IPAHH NAPATLICIBHEI H
PaBHBI,

Bce yeThIpe ZHArOHANH NIEPECEKAIOTCH B
OZHON TOUKE

M TOuKol nepeceueHus AIATCA M10M10JaM.
Touka nepeceyeHHA AXAroHaned — NeHTp
CHMMETPHH.

CyMMa KBaapaTOB JuaroHaseif papHa CyMMe KBaZpaToB Beex pebep:

d} +d} +d} +d} =4a® +4b* + 4¢?

Ilpamok napannenenmnen:
GoxoBbie peGpa nepneHANKYAKPHE! OCHOBA-
HUAM.
BoKkOBble rpany ~— NpAMOoy20nbHUKY,
8 OCHOBRHUA — NAPAMIEN0ZPDAMMYL,

Ilpamoyroanubiit napanaenenunen: npa-
MoON Mapannenenunen, OCHOBAHUA KOTOPOIO
~— NPRAMOY20NbHUKY,
Bce nuaroHaly paBHbI,
Ksanpar avaroHanyu paBeH CyMMe KBaaAPaToB
pebep, HCXOAAIIMX U3 OXHOR BEpPIINHBL:
d*=a+b +c%.

Snomn = 2 (ab + be + ac); V = abe.

Ky6:
BCE I'paHH ~— KBAAPATHL.
Bce peGpa paBHH.

d=3a, Spem =64 V=2
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NMAPAMUOA

Tak HasbiBaeTCH MHOrOrPpaHHKUK, 0HA PaHb KOTOPOTO (OCHO-
BaHW@) — MHOrOYronbHUK, @ BCe OCTanbHble rpaHu (GOKOBLIe)
TpeyronbHUkY, umelowwve obLLylo BepLlunHy (BepluuHa Nupamu-
Abi).

YceueHHOW NnMpaMuaon Ha3biBaeTcA YacTb nupaMuabl,
3aKNIoNeHHAa MeXAy 68 OCHOBAHUEM U CeYeHUeM NMpPamMuabl,
napannenbHbIM OCHOBAHMIO.

e —

NPABHWIBHASA NHPAMMIA

MNupamuaa HasLIBaeTCA NPaBUNLHOM, ECNU OCHOBaHUE 60 —
NpaBuNbHbIA MHOTOYTONbHUK, @ BepLUKHA NPOBLMPYETCA B
LIeHTP OCHOBaHMSA.

BbokoBbIE IpaHl —

paBHble paBHOOEAPEHHBIE TPEYT OB~
HMKH.

BokoBhie peGpa paBHE.

AnodeMb! paBHbI

(anogpemoit nupaMuabl HA3WBACTCA
BBICOTa ee GOKOBOI rpaHu, nNpoBe-
ACeHHAA W3 BePIIHHBI NHPAMHUABI,
NPOTHBONONMKHOM OCHOBAHMIO),

svicoma H anogema |

BokoBble rpann —

paBHEIC paBHOOOKHE TpaneLyH.
Boxosuie pe6pa paBHHL.
Ano¢eMs paBHBI.
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ILIOIA b TOBEPXHOCTH H OFBEM ITPON3BOJIBHOM

IMHPAMMABI
TupamMuna YceueHHAR NHPAMHIA
n N
BokoBas Io- Seox = ZS: , Stox = ZS; ,
BEePXHOCTh iml inl
rie S; — njowaab oAHoH rae §; — mwiolans oguoit
GokoBoit rpanu GokoBoit rpaau
Snonn=Sﬁou+S+3s
ITonuas no- Snom = Ssox + Socn roe S — nnolans HUKHEro
BEPXHOCTb OCHOBaHHA,
$ ~— MIOWAAb BEPXHEro
OCHOBAHMA
1
O6neM Vz%H...'Soc“ V='§H...‘(S+S+J§)

IJIOIA DL ITOBEPXHOCTH M OBBEM

MPABHJILHO# MHPAMUABI
Iapamuaa YceueHHAS NHPAMHAA
1 1
SUOR=EP'I, S&n“E(P+P)”s
Bokosas no- rae P — nepuMeTp HUXKHErO
BEPXHOCTb rae P — ne;:;:::erp OCHOBa- OCHOBAHMS,
o p — NEpUMETP BepXHero
{ — anogema OCHOBaHM,
| — anogema
Sm“ = Sﬁou + S + S,
Ionsas mo- Snons = Seox + Socu rae S — MUIOIaNs HHKHEro
BEPXHOCTD OCHOBaHHA,
s ~— M70MAA5L BEPXHETO
OCHOBaHHA
ObBem V=xH..-S. V==H. (S+s+J8)

1
3
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TENNA BPALWLEHUA

HWInHap

MpAMBIM Kpy-
roBbiM LIWNUH-
APOM Ha3wiBa-
eTcR Purypa,
nonyJYeHHasn
npuv BpaweHuu
NPAMOYIrONbHK-
Ka BOKPYr ocH,
copepxalien
OAHY U3 ero
CTOPOH.

\\
Maﬂ@

.-h—-——-—-—
]
1

|

4
¥
Vi

(

KOHYC

Npsambim Kpy-
FOBbiM KOHYCOM
HasblBaeTcs
durypa, nony-
YeHHaR Npu
BpaLLeHUH
NPAMOYTONbHO-
ro TpeyronbHu-
Ka BOKpPYr ocu,
coaepxallei
ero Karter.

YCEYEHHBIN
KOHYC

Tak Ha3biBa-
eTCA 4YacTb KO-
Hyca, OrpaHu-
YeHHas ero oc-
HOBaHWEeM U
CeueHueM, na-
pannenbHbiM
OCHOBaHMUIO.

IVIOIIA AL ITOBEPXHOCTH U OBBEM HHUJIMHAPA

bokopasn [NOBECPXHOCTDL

[TonHaa MOBEPXHOCTD

O6beM

Seox = 2TRH

Snom = 27R(R + H)

V=nRH

IINTOINAAD ITOBEPXHOCTHU 1 OFBEM KOHYCA

Komyc Yceaennslii konyc
bokoBas no-
BEPXHOCTh Seox = MRL Seox = (R + r)L
[Tonuas no-
1 9 1 9 .
Ob6rem V=§7€RH =§1;H(R +Rr+r)
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COEPA. IIIAP

Cdrepon Ha3bIBAETCH MHOXECTBO BCEX TOHEK NPOCTPaHCTEA,
HaXOAALUXCH HA aHHOM PacCTORHUM R OT AAHHOW TOYKK O.

Lapom HasbiBaeTCA MHOXECTBO BCEX TOMEK NPOCTPAHCTBA,
HaXOAALWWKUXCA OT AAHHOW TOUKK O Ha PACCTOAHUM,
He GonblleM AaHHOrO PpaccToOAHUA R,

Cdepa ABNAESTCA NOBEPXHOCTLIO Wapa.

ILnowans cheph S = 4nR’

O6mneM mapa V = %nR3

YACTH LIAPA

lllaposoii cerMenT

a O6em V = -:l;-nHz(fiR - H)

R ILnomaae CerMeHTHOH MOBEPXHOCTH
Sﬁog =2 ntRH

lllapoBoii cexTop

O6pem V = %nszI

IInowans NonKOH NOBEPXHOCTH
Suoms = TRQH + V2RH - H?)

[Haposoii ¢noif
O6rem
V= %-::H’ s %n(r,z N

ILnowant 60koBOH NOBEPXHOCTH
Ssox = 2 TRH
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BNUCAHHbLIE U ONUCAHHBLIE TENA®
—_— - -

ITMJTHHIP, OITMCAHHBIA OKOJIO ITPH3MEI

IBUTHHAP MOXKHO OMUCATH OKOJIO NpA-
; ' MOii TIPH3MBI, €CIIH €€ OCHOBAHME —
I | MHOTOYTOJIbHHK,
Y BITUCAHHBIA B OKPYKHOCTD.
Panuyc unwiuHapa R paBeH paguycy
ITOH OKPYKHOCTH.

]
]
]
:
H : Ochb MWIMHIpA JEKAT
1
1
]
]
1
1
1

Ha ogHol mpAMoli

€ BuICOTOH H npu3Mel, coeMHAIOMEH
UEHTPbI OKPYXHOCTEH, ONMHCAHHEBIX
OKOJIO

OCHOBAHMH NPU3MBL.

..'Lzz::::::-_-...a,\__-

/ \
bt \

INAJTHHP, BIITHCAHHBIHA B IIPU3MY
IIMnHHIp MOXHO BIHCATH
B MPAMYIO NMPH3MY, €CITH
ee¢ OCHOBAHUE — MHOIOYTO/IbHUK,
OHMHCAHHBIH OKOJIO OKPYKHOCTH.
Paasyc uwJIHHApPa r pabeH pagHycy 3Toil
OKPYKHOCTH.
Ocb uMnuHApa JEKUT
Ha OAHOM npsamoi
¢ BoicOoTOM H npU3MBbl, COSAUHAIOILICH
UCHTPH OKPYKHOCTell, BMHCAHHBIX
B OCHOBAHHA TIPH3MBI.

* Ha pucyHxkax 310ro pazaena ollMCaHHOE Teno H306paxeHO Kak Mpo3pay-
Hoe. PaccMoTtperibl HauGosee yacTo BeTpeyaronHecs KOMOHHaUMK Te.
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KOHYC, OITNICAHHBIN OKOJIO ITHPAMHMIBH

|
1

|
)
]

]

]

1

1

i

1

i

i

J
|

|

|

)
=

|

KoHnyc MOXHO ONUCATh
OKOJIO NMUPAMHIKI,
€CJIH €€ OCHOBAHHE — MHOTOYT0JIb-
HHK,
BITHCAHHLIH B OKPYXKHOCTD,
a BepIIMHA MHPaMHIIH NPOSUHPYETCH
B LICHTp
TOH OKPYKHOCTH.
Paanyc xonryca R
pPabBeH paauycy 3TOH OKPYKHOCTH,
8 BRICOTH! H KoHyca
H MHpaMHAB COBMANAIOT.

KOHYC, BIHCAHHBIH B THPAMUY

Konyc MOXHO BIIHCaTh
B MIHpaMHAy,
€CJIH €€ OCHOBAHME —
MHOTOYTOJIbHHK,
OMHMCAHHBIH OKONO OKPYKHOCTH,
a BepIliHHA DHpaMHIK IpOeLHpyeTCA
B LCHTP 3TO# OKPYKHOCTH.
Paanyc konyca r
paBeH paaHycy 3Toit OKPYKHOCTH,
a BHCOTH H KoHyca
H NMHPaMHAK COBMNANAIOT.
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ILIAP, OIMCAHHBIA OKOJIO IINJIUH/IPA

Ilap MoXHO onHKcaTh OKOJNO
nrboro (MpAMOro KpyroBo-
ro) LMIUHApA.
OKXpy)XHOCTH OCHOBaHHUH
[WIMHIpA JeXarT Ha Io-
BEPXHOCTH 1Uapa.

IXenTtp wapa nexUT
Ha CeperHe BBICOTHI, PO-
Xoafen
yepe3 OCh IIHIHH/PA.

CedeHue MIOCKOCTHIO, MPOXOOALLIEH Yepe3
OCh LIMJTMHApA
(oceBoe ceueHue)

Pannyc mapa R,
panMyc UMIMHApA 7
¥ BBICOTa LyuiMHApa H
CBA3aHbl COOTHOHIEHUEM
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[LIAP, BIIMCAHHBIA B HUJIUHP

£
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Ceuenne IOCKOCThIO, IPOXOAALIEH Yepes
OCh UWJIMHApPA (OCeBOE CeueHue)

e v

IIIap MOXHO BMHCATh TOJIb-
KO B TAKOW LIMJIMH/IP, BLICO-
Ta KOTOPOFO paBHa AHaMeET-
Py OCHOBaHHA (TakoM Lu-
JMHAp Ha3bIBAaeTCA PaBHO-
CTOPOHHHM).

Hlap xacaercs ocHOBaHUH
LHWIHHApA

B UX LEHTpax

H OOKOBOW NMOBEPXHOCTH
LHWJIMHADPA 110 OKPYXKHOCTH
Sonploro kpyra mapa,
NapaieIbHON OCHOBaHHUAM
LHJIMHApA.

Paaunyc wapa R pasen pa-
JHYCY UMIIMHAPA 7,
a IHaMeTp Liapa paBeH Bhl-
COTE HMIHHIpaA:

R=r,
2R=H.
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ILIAP, OTUCAHHBIA OKOJIO KOHYCA

Cedenue NIOCKOCTBIO, TPOXOAALLCH yepes
OCb KOHYCa (0CeBOE CEYEHHE)

llap MOXHO onucarb OKOJIO
nboro KoHyca.
OKpy>XHOCTb OCHOBaHHA
KOHYCa ¥ BepLIMHA KOHYCca
nexar
Ha [TOBEPXHOCTH LLapa.

UeHTp wapa nexur
Ha OCH KOHYca
M COBMajIaeT
C LIEHTPOM OKPY>XHOCTH,
OMMCAHHOH OKOJIO Tpe-
YrO/NbHHKA, ABAAIOLIErocs
OCEBBbIM CEYEHHEM KOHYCA.

Paanyc mapa R, paauyc
KOHYCa ¥ U BBICOTa KOHYyCa
H cBsA3aHbI COOTHOLIEHH-
eM:

R*=(H-R?+r.

ITO COOTHOLICHHE CIIpaBe-
JMBO M B TOM Cllyvae, Ko-
rna H < R
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AP, BIUCAHHBIN B KOHYC

IIlap MOXHO BIIKMCATh

B M1000#H KOHYC.

Ilap xacaeTcs OCHOBaHHA
KOHyca

B €r0 LieHTpe

¥ OOKOBOH NMOBEPXHOCTH
KOHYCa N0 OKPYKHOCTH,
JieXalleH B IJIOCKOCTH,
napajaiejbHOH OCHOBaHHIO
KOHYyca.

IleHTp 1W1apa nexuT

Ha OCH KOHYyCa

M COBINIAJAET

C LUEHTPOM OKPY>XHOCTH,
BIIMCAHHOM

B TPEYTOJILHHK, SBIISIOIHM-
CA OCEBbIM CEYEHHEM KOHY-
ca.

CeyeHue I0CKOCTRIO, MPOXOAALLIEH Yepes
OCb KOHYCa
(oceBoe ceueHue)

Panuyc wapa R,
pananyc KoHyca r
M BBICOTA KOHYca H cBs3a-
Hb! COOTHOLLIEHHEM!
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ILIAP, OMHCAHHBIH OKOJIO NPH3MbI

CeueHHe NMONYIIIOCKOCTBIO,
npoxoasileit Yepes LEHTP iapa
1 6okoBoe pebpo npusmel. (Io-
NYIIOCKOCTH OrpaHuyeHa nps-
MO, napaineasHoi HOKOBOMY

pebpy npHIMbI
U NpOXoAAEeH
4yepe3 LEeHTp wapa.)

Illap MoxHO onMcaTs OKOJIO
NPU3MBI,

€CJIH OHa NpAMas

H €€ OCHOBaHHA ABIAIOTCH
MHOTI'OYTOJIBHHUKAMM, BITH-
CaHHBIMH

B OKPYXXHOCTb.

IleHTp mapa neXHT Ha ce-
PEAMHE BBICOTHI IIPH3MBI,
COCANHAIOLLICH LIEHTPEI OK-
PYKHOCTE#H, ONTMCAHHBIX
OKOJIO OCHOBAHKH MPH3MbI.

Pannyc mapa R, BeicoTa
npr3mel H ¥ paanyc okpyx-
HOCTH #, OITHCaHHOW OKOIIO
OCHOBaHUSA MPU3IMBI, CBA3a-
Hbl COOTHOWEHHEM!

2
R? :(%] +ri.
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IIAP, BHIUCAHHBIN B IIPSIMYIO ITPU3IMY

CeueHune NOIyTUI0CKOCTBIO,
NEPIICHIMKYAPHOI OOKOBOMH
IpaHy IPH3MBI
¥ IPOXOIALIECH YE€Pe3 BBICOTY
NPH3MEL, COEAHHAIOWYIO LIEH-
TPbl OKPY>XHOCTEH,
BIUCAHHBIX B OCHOB3HUS.

1lap MOXHO BIIMCATL

B NPAMYIO [IPH3MY, €CJIU ee

OCHOBaHHA ABJAXOTCH MHO-

rOyTOJIbHUKAaMH, OMUCAaH-

HbIMHU OKOJIO OKPYXXHOCTH,

a BBEICOTa NPU3MBI paBHa

IUaMETpy

3TOH OKpPYXHOCTH.

Paanyc BnucaHHOroO Wapa
paBeH paauycy 3Tod OK-
PYXHOCTH.

HenTtp mapa nexur
Ha Cepe/IHHE BBICOTHI
NIPU3MBI, COEAUHAIOLIEH
HEHTPHI OKPYXHOCTEH,
BNIHCAHHBIX
B OCHOBAHHS IPHU3MBI.

Pannyc wapa R,

BBICOTa IIPU3MBbI [ U paauyc
OKPYXHOCTH ¥, BIUCAHHOH
B OCHOBAHHE NPHU3MBI, CBA-
3aHbl COOTHOILIEHHAMM:

R:r:E.
2
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IAP, OIMCAHHBIN
OKO0J10 MPABUJILHOM IIHPAMM/IbI

CeyeHHe MONYIJIOCKOCTbIO, MPOXOIs-
HIEH Yepes UEHTp 1uapa
1 6oxoBoe pebpo nupamuasl. (ITony-
ILTOCKOCTb OIPaHHYEHA NPAMOH, Npo-
xoadien
yepe3 BbICOTY MMUPaMHIBL. )
1

Illap MoXHO onHcaTh OKOJIO
000K NPaBUILHOH NMUpa-
MHIBI.

IleHTp wapa N€XHUT Ha NpA-
MO, COAepMKAIlEH BBICOTY
MHpaMHUIbI

¥ COBIIAJIaeT ¢ LEHTPOM
OKPY>XHOCTH, OITUCAHHOMH
0KOJ10 paBHOGEAPEHHOIO
TPEYTrOJLHHKA,

O0KOBOH CTOPOHOI KOTOPO-
ro aeBnserca 6okoBoe pebpo
IMPaMUIbI,

a BBICOTOM — BBICOTA NUpa-
MHEIL.

Paavyc mapa paseH paguy-
Cy 3TOH OKPYXHOCTH.

Paauyc mapa R, BeicoTa
nupaMuasl H ¥ paanyc ok-
PYXXHOCTH ¥, OITHCAHHOM
OKOJIO OCHOBaHHs ITHPaMH-
Ibl, CBA3aHBI COOTHOILIEHH-
eM:

R*=(H-R)+r?.

ITO COOTHOLIECHHE CrpaBe/l-

JIMBO H B TOM CJIy4ae, Korjaa
H<R
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AP, BIUCAHHBIHA
B IIPABUJIBHY IO TUPAMUY

CeueHne NoaynIoCKOCTBIO, IPOXO1-
HIEH Yepe3 LEeHTp Lapa H anogpeMy
mupaMuael. (Ilonynnockocts orpaHu-
YeHa [IPSAMOH, NMPOXOASAILEH Yepes Bbl-
COTY NUPAMHJDL. )

Illap MOXHO BOHKCATh

B JIIOOYIO NIPABHABHYIO MH-
pamuay.

IleHTp 11apa NexXuT Ha BhI-

COTEC ITNPAMHEBL

H COBMNAJACT C HEHTPOM
OKPYXKHOCTH, BIIUCAHHOH B
paBHoOeApeHHBIH TPEYrob-
HUK,

6OKOBOI CTOPOHOM KOTOpO-
To ABIAETCA anodeMa (Bbl-
coTa BOKOBOii rpaHu) MUpa-
MH/bI,

a BBICOTOH — BBICOTA NWpa-
MH/IbI.

Paauyc 1apa paseH paauy-
Cy ITOM OKPYXHOCTH.

Panuyc mapa R, BoicoTa
nupamMuael H 1 paguyc ok-
PYKXHOCTH r, BIIMCAHHOM B
OCHOBaHHE MMPaMHZBI, CBA-
3aHbl COOTHOLICHUEM:

R r

H‘R=\/Hz+r2
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OEKAPTOBb! KOOPOUHATDI

OcH KOOpAHHAT:

Az ock X — oCh abcnmce,
OCh ¥ — OCh OpAMHAT,
2 OCh Z — OCb aNIUIMKAaT.
Wid et Touka O — HayaJl0 KOOPAHHAT.
N VA%; Vo5 2 o
, JIi060# TouKe NpOCTPaHCTBA CONOCTABIAIOTCA
i L TPH HHCIIA:
b Oltb .y abclmcca Xo, OPAMHATA Vo
.;c ...... w70y M aNNIHKATa Z,.
x ’ ITH YHMCJIa HA3HIBAIOTCS NEKAPTOBLIMH KOOp-
OWHATaMH J3HHOH TOYKH.
PaccroaHue MeXay ABYMA TOUKaMH:
F Y
z AB = J(x, - x,)? + 7, - ¥,)* + (g, — 2,)°
B(x,; ¥5; 25) J( 1 Y + (V= ¥,) (Zl 23)
KoopaHHaTH cepearHB) OTPE3Ka:
R
;¥ y f ,
y
A(xl;y];zl) z=m‘
2
KoopauHate! TOUKH, Aensiei oTpe3ok
N B 3aJaHHOM OTHOUICHHH:
z AD o
B(x;; ¥,;7) ecm — = —,
DB  a,
[ ] L] a
Dix; y; 9 X=—2 iy Ly
a, + o, a, +d,
o o
> = 2—y, + ¥
y a, +a, o, +a,
A(x!; Yis Zl) o, a,
L= Z + 4
YPABHEHME IINIOCKOCTH

ax+by+cz+d=0
(xoadpuumenTs! a,b,c He paBHBI HYJIIO OTHOBPEMEHHO;
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OHM ABJISIOTCHA KOOPAMHATAMHU BekTopa (GWDIT) , IieprieH AMKYJIAPHOTO JAaH-
HOM NJIOCKOCTH)

YACTHBIE CJIYYAH YPABHEHUA ITIOCKOCTH

12

=W

d=" = ax+by+cz="

I1nockocTh NPOXOAUT YEPE3 HAYANO
KOOpJHMHAT.

y
X

a=" = by+cz+d="

IInockocTe NapajuienbHa OCH X.

y
X

(a=°"ud=") = by+cz="
ILnockocTts HPOXO,H,HT 4€pE3 OChb X.

z
.—)
X ¥

b=" = ax+cz+d="

IInoCKOCTEL NapaiesibHa OCH V.

» [,

‘nd=") = ax+cg =
ﬂnocxocrb MPOXOOHT YEPE3 OCh ).

¥l
x y

c=°" = ax+by+d="

IMnockocts Napaui€jbHa OCH 2.

zl\

A

(c="ud=") = ax+by=

InockocTh NPOXOAUT Yepes OcCh z.

YACTHBLIE CITYUAHU YPABHEHHKA TVIOCKOCTH

ax+by+tcz+d=10
(nponomkeHue)
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>
y

X

(@a=°‘nb=°) = cz+d="

I10cKoCTh MapanienbHa NIOCKOCTH
Xxy.

4

X
(@="mb="ud=") = cz="

IlnockocThk coBlagaeT
¢ IIJIOCKOCTRIO X).

X y
(@=°uc=") = by+d=-

I110CKOCTh napajijicibHa MII0CKOCTH
Xz,

Z

y

X
(@="nec="ud=") > by="

ILnockocTh coBnaaaeT
C INIOCKOCTBKO XZ.

(b="uc=") = ax+d="

Ilnockocts napauic/ibHa NJOCKOCTH
yz.

A

>
X y

(b="nc="ud=") = ax="

IInockoCTs COBMAAAET
C MJIOCKOCTBIO yZ.

YPABHEHME ITIOCKOCTH B OTPE3KAX HA OCAX

a b c
(@=°ub=z"unc+")
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B3AMMHOE PACTIOJTOXKEHHE
JIBYX INIOCKOCTEN

a, . alx+b1y+C|Z+d; =0;

(/38 agx+b2y+c;gz+dz =0

COBHNAJAIOLIME IUVIOCKOCTH

s xkoadduimentos s mpou3BOIBHBIX

a;, b, c;, d, oTimuHBIX KO3(pPULIUEHTOB

OT HyNA: a, b, ¢c; di:
fl___b_l,_f_l_ ﬂ a,b, = a,b,
a b ¢ 4 a,c, = a,C,
INAPAJUIEJIBHBIE ITJIOCKOCTHA
a\b, = a,b,
a _b ¢ F 4 a,C, = a,¢
SN J 162 14
a, ) 2 2
ad, # a,d,

NEPINEHAHUKYJIAPHBIE ITJIOCKOCTH

———f

-]
a,a, + bb, + ¢c,c, =
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yIroJ MEXAY ABYMA TUIOCKOCTAMHA
{MeHbIIHUK U3 JIBYX CMEXHBIX YTJIOB)

a: ax+bytcz+d =0

az: a2x+b2y+czz+d2=0

la,a, + by, + ¢icy)

COSQ =
(P 2 2 2 2 2 2
Jal + b + ¢ -,/az + by +¢;5

YPABHEHHE COEPLI

C ueHTpOM B Hayasle KOOPAMHAT:

x2+y2+z2=R2

C uentpom B Touke (xg, Vo, 20):

,-—-'."(xo,' Yor ZG) (x _ x. )2 + (y -y )2 + (Z —Z- )2

2w
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CIIPABOYHBIE TABJIHAIbI
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INPHA3HAKH NEJIHMOCTH

Ha 2

nocaeaHas nudpa Yucia deTHad

Ha 3

cymma nndp uucna aeaurcd Ha 3

Ha 4

JABe NnocjeAHHe MUPPH YHCAA HyJH Wi ofpasyioT YHCIO,
pAenAmeecda Ha 4

Ha O

nocxeanas nudpa uncaa 0 mmu 6

Ha 6

YHCJIO AO/DKHO AeANThCA HA 2 H Ha 8 (CM. COOTBETCTBYIO-
e NPH3HAKH JEJUMOCTH)

Ha 8

TPH NocyeXRMe URGPH YHCAA HYAM UM OOPA3YIOT YHCNO,
nenameecs gEa 8

Ha 9

cymma nudp uncaa geaurcs Ha 9

Ha 11

cymma nudp, CTOAMIMX HA YeTHRIX MeCTaX, OTJHYaeTcHa
OT CYMME DH(]p, CTOSINUX HA HeYeTHHRIX MeCTaX, HA YHC-
J10, xpaTHoe 11

Ha 25

ABe nocjeanue nndpsn uncaa 00, 25, 50 uau 75
TABJHIIA ITPOCTHIX YHCEJ (xo 997)

79 191 311 439 577 709 8567
83 193 313 443 587 719 859
89 197 317 449 593 727 863
97 199 331 457 599 733 877
101 211 337 461 601 739 881
103 223 347 463 607 743 883
107 227 349 467 613 751 887
109 229 353 479 617 787 907
113 233 359 487 619 761 911
127 239 367 491 631 769 919
131 241 373 499 641 773 929
137 251 379 503 643 87 937
139 257 383 509 647 797 941
149 263 389 521 653 809 047
151 269 397 523 659 811 953
157 271 401 541 661 821 967
163 277 409 547 673 823 971
167 281 419 557 677 827 977
173 283 421 563 683 829 983
179 293 431 569 691 839 991
181 307 433 571 701 853 997




179

TABJHIIA KBAJAPATOB ABY3HAYHBIX YHCEJ

EAMHHIIL

aecsree | O 1 2 3 4 ) 6 7 8 9

100 { 121 | 144 | 169 | 196 | 226 | 266 | 289 | 324 | 361

400 | 441 | 484 | 5290 | 576 | 626 | 676 | 720 | 784 | 841

900 | 961 |1024]1089]1156 1225|1296 | 1369 | 1444 ) 1521

1600 | 1681 | 1764 | 1849 | 1936 | 2025 | 2116 | 2209 | 2304 | 2401

2500 | 2601 | 2704 | 2809 | 2016 | 3025 | 3136 | 3249 | 3364 | 3481

3600 | 3721 | 3844 | 3969 | 4096 | 4225 | 4356 | 4489 | 4624 | 4761

4900 | 5041 | 5184 | 5329 | 5476 | 5625 | 5776 | 5929 | 6084 | 6241

6400 | 6561 | 6724 | 6889 | 7056 | 7225 | 7396 | 7569 | 7744 | 7921

O~ O i [0 |0 |-

8100 | 8281 | 8464 | 8649 | 8836 | 9025 | 9216 | 9409 | 9604 | 9801 |

NPOTIOPIIHH*

CBONCTBA IIPOIIOPITHH
1. IIponsBegeEne KpaKHNX WIEHOB PABHO IPOU3BEXCHUIO CPEITHMX,

7.8, €CAH %=%,TO ad =bc.

2. B nponopuun, Bce 4IEeHB KOTOPO# OTAUYHLI OT HYJA, MOXKHO
MEHATH MECTAMM CPeAHNE ¥ KpPalHMe YIeHkl TPONOPIUM, T.€. €CIaH

8_¢ oo b d_c 4 b
b d c d b a ¢ a
IIPON3BOMHELIE ITPOIIOPIINH,
NOJYHEeHHHNEe N3 NpOonopuum % = %:
atb czxd a+b c+d
a ¢ a-b c-d
atb cztd atc _a_c
b  d btd b d
am; +bn, _cmy +dn, amy +cny _ bm,y +dn,
amy, +bn, cmy+dn,’  amy+cn, bmy+dn,’

rae my, My, Ny, Ny —~ NPOUIBOJNBHEIE THCIIA.

") Bo Bcex npuBefeHHEIX GOpMyJIax 3HAMEHATENH He AOJIKHBI
PABHATHCH HYJIO.
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MHOTI'O9JIEHBI

a?-b=(a-ba+b)
(@a+b)2=a2+2ab+ 02
(a - b)2 =a? - 2ab + b2

(@+b+c¢) =qa2+ b2+ ¢2 + 2ab + 2be + 2ac

ad + b8 = (@ + b} (a2 - ab + b?)
a® - b3 = (a - b)(a® + ab + b?)

(a + b)8 = a® + 8a2b + 8ab2 + b3 = ¢ + b8 + Bab(a + b)
(@ - b)® =ad - 8a2b + 3ab2 - b3 = a3 - b3 - 3ab(a - b)

InaneN
a" - b* = (a - b}a* ! + a® 2 + a* 3?2 + ... +ab"2 + b))

Ecau n — 4eTHOS,
a® - b* = (a + b)(a*l - a*2b + a""8b2 - .., + ab""Z - pn-1)

Ecan n — HeweTHO®,
a + b* = (a + b}a*! - a*2b + a2 - .., - ab""2 + b771)

BHHOM HBIOTOHA
(@+b)" = 3 C*a" " =

k=0

=Cla" + Cia"'b! + Cia"?b* +...+ Cr g + C'"

n!
rae C: = m — YHCJIO COueTAHWII M3 n no K.
MOAYJIb YH
a,a>0 9
al = s =va
l={ %20 - Va
la} > 0; |a-b| = |a}|b| la + b < |al + {b)
6 =0 a=0 §|=||.g{.,b¢o la - 8 > ] o]
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ITPOI'PECCHH

APHOMETHUYECKASA IPOTPECCH TEOMETPHYECKAA NPOTPECCHA

@p+1=0ap+d, bp+1=by- ¢,
rae d — pagHOCTh Iporpeccw:  rfe ¢ # O — 3HaMeHATENh HPOTPECCHH

PopMyaH R-TO UJIEHA

a,=a; +(n-1)d b, = by gh -1
a,=ay+(n-k)d bp=Dby g"*
a, = Zack Cust by = ba s * bns

PopMyaALI CYMME NEPBHIX NIt WIEHOB

2a, +(n-1)d 1-¢" q" -1
S = n= = =
n > S, bll—q b, q_l,qa&l
a +a
:—LE—LR Sp=0b1-n, ¢g=1
PopMyaa Aa8 Pa3zHOCTH PopMyna IR 3IEAMEHATER
by,
d=ap+1—ay 7= %L
Ecaun +m=k + p, T0
@ +am=ay+a, bp-bm=bp- by
Cynna nocaeaoBaTeNbLERX CymmMma Geckoreuro yOrBaromeit
HATYPAJIBHEIX uicen or 1 go n: reOMeTpHYeCKOil nIporpecun:
8= n(n+1) S= b , ldl <1
2 1-g¢g

NPOCTEUINIUE HEPABEHCTBA"

a2 + b2 > 2ab; £+£>2,ab>0
b a
a+bd

>+4ab,a>0,020
(Cpennee apudpmernuecrkoe He MeHbIlle CPEAHEIO NeOMETPHYECKOI0)

*) PaBeHCTBA B IPUBeACHHLEIX HEPABEHCTBAX AOCTHUIAIOTCA TOrAA H
TOJBKO TOrAa, Korga a = b.
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APHOMETUYECKHH KOPEHb

ApudmeTrHiecKWM KOPHEM n-0i CTeNeHN 13 HeOTPULATENBHOIO Yucna
a Ha3biBaeTCA Takoe HeoTPUUATENbHOe YUCNO b, n-as cTeneHL KOTOPoro

paBHa a, T.e. a =b,ecmb” =a (@=>0,b>0).

CBOMCTBA KOPHEN
OcHOBHOe CBOHCTBO KODHA Ha™ =%a™ ,a50
YMHOXeHNe KopHel % . ’43 = m ,az20,0>20

Jerenne xopHeMk —_—=

BospeieHne KOPHS B CTEIEHE ®a)" =¥a™ ,a>0

Haslleuenne KOPHR U3 KODHA ",N; ="%a.a>0

2W=|a{-%’5,b>0

BrineceRre MEHOMKHTENSA
M3-TI0J| 3HAKA KODHA s yacraoctu, Va’b =|a|Vb
2n+yazu+1b =q- zu+£
BHeceHHe MHOMHTENN %a®b,(a>0, b>0)
noj 3HAK KOPHS -2¥a®b,(a <0, b>0)

a .Yy =2 m

a"=a-a-....a>al=a

r“-i

C HaTypaJ/IbHBIM IIOKA3ATE/ICM

C nonoxurennahiM

ApoOHEIM moxasareseM ar* = Va"' ,Tea»0,mneN
C nyneBnIM MokalaTeleM a%=1,rpeax0
C orpunareabHbIM - _ 1 rea > 0

paAnHMOHANBHLIM IOKA3ATENIeM a = F ’
YMHOKEHHNE CTemeHei a? -a? =a?%; a? .b? = (ab)’

P P P
Ilenenne crenenei 8 _are; 8 (ﬁ)
a? b? \b

Boasenenne crenenn B crenendb | (af)! = g™

N e —————
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JIOTAPHOMBI

I

Norapucgmom nonoxurensHoro Yucna b no ocHopaxuio a
(@ > 0, a # 1) Ha3biBaeTCs TaKoh NokasaTens CTeNeHn ¢, B
KOTOPYIO HaAo BO3BECTU YUCNO @, uTobLl nonyuuTs Yucno b:

logsb=c o a¢=b.

CBOHCTBA JIOFAPH®MOB"

_

¢ OcHoBHOE JOrapudMHIECKOE TOXKAESCTBO: a%:® =p b>0
o log,a=1

o log,1=0

o Jloraputdm npomasezenus: log, xy = log,|xl+log |y, xy > 0

x x
¢ Jlorapudm wacTHOrO: log, ; = log,|«- 108a|y|, ; >0

log, x” = plog,|«d, x* >0

¢ JlorapudM crenenu:
log , x7 = %log,lxl, x? >0

1
e Jlorapudm xopasa: log, Q/; = ;log,, xx>0

e @opMyNa Nnepexoaa K APYroMy OCHOBAHMIO:

| log. b = log, b

,rae b>0, ¢>0, ¢c=1

4

log, b= , e b>0, b=1

B og,a I

*) Bo pcex npusesleHHRIX dopmynax a > 0, a # 1
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OCHOBHBIE ®OPMY JbI
TPHTOHOMETPHH")

COOTHOINEHHA MEXAY TPHTOHOMETPHYECKHMH ®YHEITHAMH
OHOIO H TOT'O JKE APTYMEHTA

sin x +cos’ x =1 tgx-ctgx=1
sinx
tgx= 2 _ 1
cos° x
COS X
ctgx =— l+ctgx= —
8in x 8in” x
SOPMYJN CJAOKEHNA

sin(x + y) = sinxcosy + cosxsiny
sin(x — y) =sinxcosy —cosxsiny
cos(x + y) =cosxcosy - sinxsiny

cos(x — y) =cosxcosy +sinxsiny

tgx+tgy ctgxctgy -1
tg(x+y) = ctg(x + y) =
g = e+ 1) =~ ey
tigx—-1igy ctgxctgy +1
tg(x - y) = ctg(x —y) = -
ex-u) l+tgxtgy gx-v) ctgx —ctgy

BRIPAJKEHHE TPATOHOMETPHYECKHX OYHKITHA
YEPE3 TAHT'EHC NOJOBAHHOIO ¥TJA

2tg > 2tg
sinx=—2x t8x=—2x
1+1g22 1-tg2=

L 5

1-tg2 % 1-tg2 %
cosx=—i— ctgx=_x2_
1+tg2= 2tg =

'3 €2

*)Bo Bcex dopMysax, NpuBeAeHHKIX B 3TOM pasfele, ClefyeT yIH-
THIBATH O0JACTHL JOMYCTUMBIX 3HauYeHHH JeBol ¥ mpaBoii vacrelk

dopmy..
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SOPMYJIN ZBOHHOI'O APTYMEHTA

sin2x = 2sinxcosx

2 2 2

cos2x =cos® x - sin® x =1 - 2sin® x = 2¢cos® x - 1
tg2x = 2 BX 2
l1-tg°x ctgx-tgx
2 — —
ctg2x=Ctg x l_ctgx tgx
2c¢tg x 2
SOPMY JIEI IIOJJOBHHHOI'O APTYMEHTA
. 2X l-—cosx 2 1l-cosx
sin® = = ~—— A it
2 2 2 1l+cosx
cosz£=1+cosx ct82£_1+cosx
2 2 2 l-cosx

x gin x 1-cosx
tg = =

2 1+4+cosx sinx

X sin x 1+cosx
ctg— = =

2 1-cosx sinx

$OPMY JIbl TPOHHOTO APTYMEHTA

sin3x = 3sinx — 4sin® »

cos3x = 4cos® x — 3cosx

Ctad
tg3x=3tgx tg x
1-3tg°x
a —
ctg‘3x=0tg x—3ctgx

3etgZx -1
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©OPMY JIBI IPEOBPA30OBAHHA CYMMEI B TIPONSBEAEHHE

X4y XV

sinx + siny = 2s8in 8

2 2
sinx—siny=23inx_ycosx+y
2 2
cosx+coay=2cosx;ycoax;y
cosx-cosy=—23inx+ysinx_y
2 2
tg’x+tgy=.m(x_._+y). ctgx.pctgy:;'i.n(x_fy)
CcO8 X COS [/ sinxsiny
sin(x - sin(x —
tsx-tsy=#l ctgx—cmy=—¥
COSX COSY sin xsiny
tsx+ctsy=m
cosxsiny
cos(x +
tg‘x—ctgy=__s.i_gl
cos xsiny
1 2
x+cotgx= =
' ot sinxcosx sin2x
tgx—ctgx=- E?f—%i=—2ctg2x
sin2x

cosx +8inx = JE cos(456°-x) = JE 8in(45°+x)
cosx —sinx = JE 8in(45°-x) = JE cos(45°+x)
asinx + beosx = Va? + b2 sin(x + @) »

.. _ b a
e e

OPMYJEL TIPEOBPA3OBAHKS NTPOM3BENEHHAA B CYMMY

sinxsiny = %[cos(x - y) - cos(x + y)]

cosSXCosy = %[cos(x - y) + cos(x + y)]

gsinxcosy = %[sin(x - y) + sin(x + y)] I
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SOPMYJIBI NPHBENEHHNA
w' B=£i‘1 B=nta p:-'?'—n-iq B=2nta
| pysRIIIA 2 2
sin B cCosS QL ¥ sina - CO8 O +sina
cos 8 Tz 8ina —COS O +sina cos O
tgp zctga ttga t ciga tiga
ctg P $tga tetga Ftga tetga
SHAYEHHSA TPHTOHOMETPHYECKHX OYVHEIIHNN HEKOTOPhHIX ¥I'JIOB
yroxs | oo | 300 | 450 | 60° | 90° | 180° | 270° | 360°
rpagycax
yroas | o | m | o® % %o |30
paguasax 6 4 3 2 2
sina o 1L (1|81 ]o|[-1]0
2 |2 | 2
o8 O 1 ﬁ ....1_ l 0 -1 0 1
2 | V2| 2
o | L | 1 3| ™| o™ | o
tga J3_ J_ cyml. cyI.
He 1 He He
3 1 - 0 0
ctga cyII. J_ J§ cy1. cym.

CBONCTBA OBPATHBIX TPHTOHOMETPHYECKNX ®YHKIINH

arcsin (-q) = - arcsina,
arccos (-g@) = n — arccos @,
arctg (-a) = — arctg a,

arcctg (-a) = n - arcctg a,
: T
arcsinag + arccosa = 2’

n
arctga + arcciga z-é— ’

la] < 1
la| <1
acR
asR

lal < 1

ach
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HEKOTOPBIE ITPEJEJIHI
lim 38% _ 4 lim 8% -
x=0 x x-0 Xx
x  _
lim&—1_1 lim 2 1=1na,a>0
=0 x -0 x
lim@ +2)* = e lim BQ+2) _y
x—0 X

MIPOH3BOAHBIE 3JIJEMEHTAPHBIX OYHKIIUN

Pyarona Ilponasoanas
f(x)=¢ ¢'=0, rae ¢ — const
f(x) = x* (=°) = ax*!

f(x) = e* (e*) =e*
f(x) =a* (@) =a*Ina
f(x)=Inx (Inx) = 1
x
f(x) = log,x (log, x)' = -
xlna
f(x) =sinx (sinx) = cosx
1(x) = cosx (cosx) = -sinx
f(x)=tgx (tgx) = 12
cos” x
f(x) =ctgx (ctgx) =- 12
sin® x
1(x) = arcsinx (arcsinx) = 1
1-
f(x) = arccosx (arccosx) = - !
1-2?
f(x) = arctgx (arctgx) = 3
1+x
f(x) = arcctgx (arcetgx) = -

1+ x?
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TABJINIIA HHTEI'PAJIOB
IO-dx=C I —dx=tgx+C
cos® x
l:-dx= C
I rx=x+ I 12 dx=-ctgx+C
o+l sin® x
x
jx“dx= +C, (a#-1)
a+1l

| de = lnjg +C
1
et

1
Il+x’ dx={w

x
Ia’dx =3
Ina

arcsinx + C
arccosx + C

arctgx + C
arcctg x + C

+C
Isinxdx =-coex +C
Icosxdx =sginx+C
Itg'xdx = —Injcos x|+ C

Ictgxdx= In|sinxl+ C

j—-—l—-»dx = lntg%l +C

sinx

Icosx

I,l

xn
NN
X = 1N 24

dx = <

a’ - x?

+C

.

arcsin-z-j-+C

-arocosf--l-c
[ a

-l-arctg-x—i-c
a a

——1-aroctg—-+c

a+x|
2a a- x|

NPOCTEHIIHNE TUOOEPEHIIHMAJBHLIE YPABHEHUSA

Ypasrernue paduoaxmusrozo pacnada: y' = —ay

y = Ce~%, rpe C — TIpON3BONBLHAA NTOCTOAHHAA.

Ypaanenue 2apmoruveckux xorebanui: y" = —o)zy

y = Acos(wx + @), Tie A M (o — NPOM3BOJIbHEIE IOCTOSHHLIE.
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KOMIIJIEKCHBIE YHCJIA

KomnnexcHoe Yucno uMeer sug z = a + bi,
rae a N b — NencTBUTeNbHBIe YMCNA, | — MHUMan eauHMYa, {2 = 1.
YH1Cro ¢ Ha3biBaBTCA QEHCTBATONLHON HYaCTbIO KOMIIEKCHOIO Ynuc-
na, a ycno b — ero MHUMOMR YacTLIO,
OHKU 0603Ha4aTCA COOTBETCTBEHHO Rez n Im2.

Yucna g + bi v a - bi, KOTOPbIe OTNNHEIOTCA TOMNBbKO 3HAKOM MHUMOW
JacTH, Ha3biBaTCA CONPANKOHHbLIMMN.

JEACTBHA C KOMILIEKCHRIMH YHCJIAMH

CroxeHve (@ +bi)+(c+di)=(a+c)+ (b +d)i

BbiuuTaHme @+bi)-(c+di)=(a-c)+ (b-4d)i

YMHOXEHUE (@ + bi)e + di) = (ac - bd) + (ad + be)i
fenexve a+bi ac+bd bc_adi; 2 od 20

= +
ce+di ¢ +d? o +d

BoaeeneHue

screneHbuncnai  Lo=1, i =i, =], it

TPHIT'OHOMETPHYECKAA ®OPMA KOMIIJIEKCHBIX YHCEJ

Moaynb r=va’+b’

b
Yucno a Takoe, uTo tga=—.
a

ApryMeHT
TpuroHoMeTpuyeckas ..
dopma komnnekckoro 2 =7{(cosa +isina)
yucna
YMHOXeHWe 22, =nn (005('11 +a,)+isin(a, +a, ))
4 r . .
Nenenye t=;‘z (cos(a, —a, ) +isin(a, —at,))

BosseaeHwe B cTeneHb z" = r"(cosna + isinna)

+opMmyna Myaea (cosa +isina)" =cosna +isinna

a+2kr . o+2kn
{/; = #/;(cos +isin )s
N3sned4eHue KOpHs: n n

k=12,..n-1.
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OCHOBHBIE ®OPMYJIbBI KOMBHHATOPHKH
Yucno nepecmano6ox N3 n 3IeMEHTOB:

P,=n!=1-2-8-....n

Yucno paamewenull 13 n 3NeMeHTOB II0 k 321eMeHTOB:

L= (nf'k)! =n-(n-10)(-2) .. (n-k+1)
Yucno covemaruil ¥3 n 31eMeHTOB 1O k 5J16MeHTOB!
k_ n! _n-n-1(n-2)-...-(n-k+1)
" k!(n k)! 1-2-3-...-k
TEOPHSA BEPOATHOCTEH
BepoATHOCTbL m
CYMaHOro P(A) = - rae m — KOSIMYeCTBO 3nemMeH-
cobbitus

TapHbiX COBbITUIA, GNAroNPUATCTBYIOWNX
cobbiTuIO A,

n — obuwee KONMYECTBO PABHOBO3MOXHbIX
¥ HEeCOBMECTHbIX cobbIThit, 06pa3ayloLIMX
NONHYIO rpynny.

Teopema CNoXeHUA
peposATHocTeit veco-  P(A + B) = P(A4) + P(B)
BMECTHbIX COObITUA
Teopema yMHOXEeHUA
peposatHocTell Heco-  P(AB) = P(A)- P(B)
BMECTHbIX cOBLITIIA
BepoathocTs ocywecT-  P(4)=1-(1-P(4))-(1-P(4,))-..

BnexHuA xota Gbl 0gHOro
U3 He3aBUCUMbIX (1-P(4,)

cobbiTuA A, A, ... A, — B3aGUMHO HE3ABUCUMbIE
cobbiTus.

n! m_n-—-m P
= — Be

ATHOCTL TOTO, YTO conrme A HacTymr B n
WCTIbITAHUAX M Paa.

dopmyna BepHynnu
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